DG DEFORMATION THEORY OF OBJECTS IN HOMOTOPY AND 

DERIVED CATEGORIES I 



VALERY A. LUNTS AND DMITRI ORLOV 

Abstract. We develop a general deformation theory of objects in homotopy and derived 
categories of DG categories. The main result is a general pro-representability theorem for 
the corresponding deformation functor. 
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1. Introduction 

1.1. It is well known ([De],[Dr2]) that for many mathematical objects X (defined over a 
field of characteristic zero) the formal deformation theory of X is controlled by a DG Lie 
algebra g = g{X) of (derived) infinitesimal automorphisms of X . This is so in case X is 
an algebra, a compact complex manifold, a principal G -bundle, etc.. 

Let M.{X) denote the base of the universal deformation of X and o G M.{X) be the 
point corresponding to X . Then (under some conditions on g ) the completion of the local 
ring 0_\4(^x),o is naturally isomorphic to the linear dual of the homology space Ho{q) . The 
space Ho{q) is a co-commutative coalgebra, hence its dual is a commutative algebra. 
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The homology -^0(0) is the zero cohomology group of Bq - the bar construction of g , 
which is a co-commutative DG coalgebra. It is therefore natural to consider the DG "formal 
moduli space" M.^^{X) , so that the "local ring" C>jt^DG(^x),o the linear dual {Bq}* , 
which is a commutative DG algebra. The space M.^'^{X) is thus the "true" universal 
deformation space of X ; it coincides with M{X) in case W{Bq) = for i^Q . See [Ka], 
[Ci-FoKal],[Ci-FoKa2] for some examples. In particular, it appears that the primary object 
is not the DG algebra {Bq)* , but rather the DG coalgebra Bq (this is the point of view 
in [Hi]). 

Note that the passage from a DG Lie algebra g to the commutative DG algebra {Bq)* 
is an example of the Koszul duality for operads [GiKa]. Indeed, the operad of DG Lie 
algebras is Koszul dual to that of commutative DG algebras. 

Given all that, no general deformation theory has been developed yet. For example, it 
has not been proved that the complete DG algebra {Bq)* pro-represents the functor of 
infinitesimal DG deformations of X . 

1.2. This paper is concerned with a general deformation theory in a slightly different 
context. Namely, we consider deformations of "linear" objects E ^ such as objects in a 
homotopy or a derived category. More precisely, £^ is a DG module over a DG category 
A . In this case the deformation theory of E is controlled by ;B = End(£^) which is a DG 
algebra (and not a DG Lie algebra). (This works equally well in positive characteristic.) 
Then the DG formal deformation space of E is the "Spec" of the (noncommutative!) DG 
algebra {BB)* - the linear dual of the bar construction BB which is a DG coalgebra. 
Again this is in agreement with the Koszul duality for operads, since the operad of DG 
algebras is self-dual. (All this was already anticipated in [Dr2].) 

More precisely, let dgart be the category of local artinian (not necessarily commutative) 
DG algebras and Gpd be the 2-category of groupoids. We define a 2-functor 

Def (£;) : dgart Gpd, 

which assigns to an artinian DG algebra TZ the groupoid Def7^(£') of 7^ -deformations 
of E in the derived category D{A) . Actually we prefer to work with the 2-functor of 
CO- deformations 

coDef(£') : dgart Gpd, 

which in many cases is equivalent to Def (£^) . The main result of this paper is the pro- 
representability theorem for the functor coDef(£^) (under some finiteness assumptions on 
the DG algebra End(£^) ) by the complete local DG algebra {BB)* . 
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Classically one defines representability for functors with values in the category of sets. 
However, a deformation functor naturally takes values in the 2-category of groupoids. There- 
fore in order to achieve the correct pro-representability of such a functor its source category 
must be also a 2-category. The category of DG categories is naturally a 2-category with 
1-morphisms being quasi-functors [Ke] . In particular this makes the category of DG alge- 
bras a 2-category. We introduce the 2-catcgory 2-dgalg of augm,ented DG algebras and 
prove the existence of the 2-functor coDEF(£') : 2-dgalg — > Gpd which is a "lift" of the 
functor coDef(-E') . Then the main theorem asserts that under some finiteness conditions 
the 2-functor coDEF(£J) is equivalent to the 2-functor 

h{BB)*{-) ■= Hom2.dgaig((-B-B)*, ■) : 2-dgart Gpd. 

1.3. Let us briefly describe the contents of the paper. 

Part 1 is a rather lengthy review of basics of DG categories and DG modules over them 
with some minor additions that we did not find in the literature. The reader who is familiar 
with basic DG categories is suggested to go directly to Part 2, except for looking up the 
definition of the DG functors i* and r . 

Part 2 contains the definition and study of various deformation functors. First we intro- 
duce the homotopy deformation and co-deformation functors Def and coDei^{E) and 
prove that they are always equivalent. Wc present a version of the well known invariance 
theorem (Dcligne's theorem) for these functors. Then we introduce the derived deformation 
and co-dcformation functors Dcf(ii^) and coDcf(£') . Wc prove that under some bounded- 
ness conditions the functors Dcf^^{E) and Def(£') are equivalent (rcsp. coDcf'X^) and 
coDef(£') arc equivalent). Actually, we only prove the equivalence of the restrictions of 
these functors to the category dgart_ of non-positive artinian DG algebras. 

Part 3 contains the main pro-representability theorem. We start with reviewing the bar 
construction and its relevance to the deformation theory (known at least since [Q] ) . Then for 
an augmented DG algebra C (satisfying some finiteness conditions) and its bar construction 
BC we study some natural functors between the derived categories D{{BC)*) and D{C) 
defined by the bar complex BC (8> C . Finally, we prove the pro-representability theorem. 

1.4. In the sequel [LO] of this paper we plan to include the following: pro-representability 
of the 2-functor DEF , pro-representability of the deformation functor controlled by a DG 
Lie algebra (as explained above), applications of the theory to deformations of objects in 
derived categories of abelian categories. 

In is our pleasure to thank A.Bondal, P.Deligne, M.Mandell, M.Larsen and P.Bressler for 
useful discussions. We especially appreciate the generous help of B.Keller. We also thank 
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W.Goldman and V.Schechtman for sending us copies of letters [De] and [Dr2] respectively 
and W.Lowen for sending us the preprint [Lo]. 

Part 1. Preliminaries on DG categories 

2. Artinian DG algebras 

We fix a field A; . All algebras are assumed to be Z graded k -algebras with unit and all 
categories are k -linear. Unless mentioned otherwise ® means (8)fe • 
For a homogeneous element a we denote its degree by a . 
A module always means a (left) graded module. 

A DG algebra B = {B, ds) is a (graded) algebra with a map d = ds ■ B ^ B of degree 
1 such that = , d{l) = and 

d{ab) = d{a)b+{-lfad{b). 

Given a DG algebra B its opposite is the DG algebra B^ which has the same differential 
as B and multiplication 

aob= {-Ifha, 

where ba is the product in B . 

We denote by dgalg the category of DG algebras. 

A (left) DG module over a DG algebra B is called a DG ;B -module or, simply a B- 
module. A right B -module is a DG module over B^ . We denote by B-mod the abelian 
category of ;B -modules. 

If ;B is a DG algebra and M is a usual (not DG) module over the algebra B , then we 
say that is a B^ -module. 

An augmentation of a DG algebra ;B is a (surjective) homomorphism of DG algebras 
B ^ k . Its kernel is denoted B , this is DG ideal (i.e. an ideal closed under the differential) 
of B. Denote by adgalg the category of augmented DG algebras (morphisms commute 
with the augmentation). 

Definition 2.1. Let R be an algebra. We call R artinian, if it is finite dimensional and 
has a (graded) nilpotent two-sided (maximal) ideal m C R , such that R/m = k . 

Definition 2.2. Let TZ be an augmented DG algebra. We call TZ artinian if TZ is artinian 
as an algebra and the maximal ideal m (Z R is a DG ideal, i.e. the quotient map e-ji : R ^ 
R/m is an augmentation of the DG algebra TZ . (So m = TZ ). Note that a homomorphism 
of artinian DG algebras automatically commutes with the augmentations. Denote by dgart 
the category of artinian DG algebras. 
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Definition 2.3. An artinian DG algebra TZ is called positive (resp. negative) if negative 
(resp. positive) degree components of TZ are zero. Denote by dgart^ and dgart_ the 
corresponding full subcategories of dgart . Let art := dgart_ fl dgart^ be the full subcategory 
of dgart consisting of (not necessarily commutative) artinian algebras concentrated in degree 
zero. Denote by cart C art the full subcategory of commutative artinian algebras. 

Given a DG algebra B one studies the category B-mod and the corresponding homotopy 
and derived categories. A homomorphism of DG algebras induces various functors between 
these categories. We will recall these categories and functors in the more general context 
of DG categories in the next section. 

3. DG CATEGORIES 

In this section we recall some basic facts about DG categories which will be needed in 
this paper. Our main references here are [BoKa] , [Dr] , [Kc] . 

A DG category is a A; -linear category A in which the sets Hom(yl,i?) , A,B ObA, 
are provided with a structure of a Z -graded /c -module and a differential d : Hom(^, B) 
}iom{A,B) of degree 1, so that for every A,B,C € A the composition Hom(A, S) x 
Hom(i?, C) Hom(A, C) comes from a morphism of complexes Hom(^, _B)(g)Hom(i?, C) — > 
Hom(^, C) . The identity morphism lyi G Hom(A, ^4) is closed of degree zero. 

The simplest example of a DG category is the category DG{k) of complexes of k -vector 
spaces, or DG k -modules. 

Note also that a DG algebra is simply a DG category with one object. 

Using the supercommutativity isomorphism S ®T T iSi S in the category of DG k - 
modules one defines for every DG category A the opposite DG category A^ with ObA^ = 
ObA, }lom.^o{A,B) = Hom^(5,^). We denote by A^ the graded category which is 
obtained from A by forgetting the differentials on Horn 's. 

The tensor product of DG-categories A and B is defined as follows: 

(i) Ob{A (8) B) := ObA x ObB ; for Ae ObA and B G ObB the corresponding object is 
denoted by A^ B ; 

(ii) Hom(^ B,A' (E) B') := Hom(yl, (gi Hom(5,S') and the composition map is 
defined by (/i «) 51) (/2 ® 92) ■= {-iy^f''fif2 «> 5152- 

Note that the DG categories A®B and B®A are canonically isomorphic. In the above 
notation the isomorphism DG functor (p is 

^{A ®B) = {B® A), <P{f ^g) = {-lyHg /). 

Given a DG category A one defines the graded category Ho' (.4) with 06Ho (,4) = ObA 
by replacing each Hom complex by the direct sum of its cohomology groups. We call Ho' (.A) 
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the graded homotopy category of A ■ Restricting ourselves to the 0-th cohomology of the 
Horn complexes we get the homotopy category Ho(^) . 

Two objects A,Be ObA are called DG isomorphic (or, simply, isomorphic) if there 
exists an invertible degree zero morphism / G Hom(A, B) . We say that A, B are homotopy 
equivalent if they are isomorphic in Ho(yl) . 

A DG-functor between DG-categorics F : A ^ B is said to be a quasi- equivalence if 
Ho(F) : Ho(^) Ho(i3) is an equivalence. We say that F is a DG equivalence if it is fully 
faithful and every object of B is DG isomorphic to an object of F{A) . Certainly, a DG 
equivalence is a quasi-equivalence. DG categories C and D are called quasi- equivalent if 
there exist DG categories Ai, ...,An and a chain of quasi-equivalences 

C ^ Ai ^ ... ^ An ^ V. 

Given DG categories A and B the collection of covariant DG functors A^ B \s itself 
the collection of objects of a DG category, which we denote by YvmuQ^A^B) . Namely, let 
$ and ^ be two DG functors. Put Hom'^($, equal to the set of natural transformations 
t : <t^^ — > [k\ of graded functors from A^^ to B^ . This means that for any morphism 
/ G Hom^(A, B) one has 

nf)-t{A) = {-lfH{B).^{f). 

On each A e A the differential of the transformation t is equal to {dt){A) (one easily 
checks that this is well defined). Thus, the closed transformations of degree are the DG 
transformations of DG functors. A similar definition gives us the DG-category consisting 
of the contravariant DG functors FunBciA'^ , B) = FuuBciA, B'^) from A to B . 

3.1. DG modules over DG categories. We denote the DG category Funi^QiA, DG(k)) 
by ^-mod and call it the category of DG ^-modules. There is a natural covariant DG 
functor h : A^ .A'^-mod (the Yoneda embedding) defined by h^{B) := Hom_4(i?,^) . As 
in the "classical" case one verifies that the functor h is fully faithful, i.e. there is a natural 
isomorphism of complexes 

Hom^(^, A') = ^^omJ^^J_^^^{h^,h^'). 
Moreover, for any M G v4°-mod , A E A 

Hom^o.^„d(^^,M) = M(A). 
The DG A^ -modules , AeA are called free. 

For AeA one may consider also the covariant DG functor hA{B) := Hom_4(A, B) and 
the contravariant DG functor h\{B) := }iomf;{hA{B) , k) . For any M G .4°-mod we have 

Hom^o_^„d(^, h*A) = Homfe(M(yl),/c). 
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A DG A'^ -module M is called acyclic, if the complex M{A) is acyclic for all ^ G v4 . Let 
D{A) denote the derived category of DG .4° -modules, i.e. D{A) is the Verdier quotient 
of the homotopy category Ho(.4°-mod) by the subcategory of acyclic DG-modules. This 
is a triangulated category. 

A DG v4° -module P is called h-projective if for any acyclic DG -module N the 
complex Hom(P, N) is acyclic. A free DG module is h-projcctive. Denote by V{A) the 
full DG subcategory of ^''-mod consisting of h-projective DG modules. 

Similarly, a DG A^ -module I is called h-injective if for any acyclic DG A^ -module A'^ 
the complex Hom(A^, /) is acyclic. For any A ^ A the DG A^ -module /i^ is h-injective. 
Denote by 2{A) the full DG subcategory of A^-uiod consisting of homotopically injective 
DG modules. 

For any DG category A the DG categories A^-mod , V{A) , I (A) are (strongly) pre- 
triangulated ( [Dr] , [BoKa] , also see subsection 3.5 below). Hence the homotopy categories 
Ho(^°-mod) , RoiV{A)) , Ro{I{A)) are triangulated. 

The following theorem was proved in [Ke] . 

Theorem 3.1. The inclusion functors V{A) ^ A^-mod, liA) A^-mod induce equiv- 
alences of triangulated categories U.o{V{A)) D{A) and B.o{I{A)) D{A) ■ 

Actually, it will be convenient for us to use some more precise results from [Ke]. Let us 
recall the relevant definitions. 

Definition 3.2. A DG A'^ -module M is called relatively projective if M is a direct sum- 
mand of a direct sum of DG A'^ -modules of the form h'^ln] , A E A, n G Z . A DG 
A^ -module P is said to have property (P) if it admits a filtration 

= F_i C Fo C Fi C ...P 

such that 

(Fl) UiF, = P ; 

(F2) the inclusion Fi ^ i^j+i splits as a morphism of graded modules; 
(F3) each quotient Fj+i/Fj is a relatively projective DG A^ -module. 

Definition 3.3. A DG Ai^ -module M is called relatively injective if M is a direct sum- 
mand of a direct product of DG Ai^ -modules of the form hWn] , A & A, n G Z . A DG 
AP -module I is said to have property (I) if it admits a filtration 

I = FoDFiD ... 

such that 
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(Fl ') the canonical morphism 

I lim I /Fi 

is an isomorphism; 

(F2') the inclusion Fj+i •-^ Fi splits as a morphism of graded modules; 
(F3') each quotient Fi/Fi^i is a relatively injective DG -module. 

Theorem 3.4. ([Ke]) a) A DG -m,odule with property (P) is h -projective. 

h) For any M £ A^-mod there exists a quasi-isomorphism P ^ M , such that the DG 
AP -module P has property (P). 

c) A DG AP -module with property (I) is h -injective. 

d) For any M G A^-mod there exists a quasi-isomorphism M ^ I , such that the DG 
AP -module I has property (I). 

Remark 3.5. a) Assume that a DG A^ -module M has an increasing filtration Mi C 
M2 C ... such that UMj = M , each inclusion Mi ^ Mj+i splits as a morphism of graded 
modules, and each subquotient Mi^i/Mi is h -projective. Then M is h-projective. b) 
Assume that a DG A^ -module N has a decreasing filtration N = Ni D N2 D ... such 
that niVj = , each inclusion Ni^i "-^ Ni splits as a morphism of graded modules, each 
subquotient Ni/Ni^i is h-injective (hence N/Ni is h-injective for each i ) and the natural 
map 

lim N/Ni 

is an isomorphism. Then N is h-injective. 

3.2. Some DG functors. Let B he a. small DG category. The complex 

Alge:= Rom{A,B) 

A,BeObt3 

has a natural structure of a DG algebra possibly without a unit. It has the following 
property: every finite subset of Algg is contained in e Algg e for some idempotcnt e such 
that de = and deg e = . We say that a DG module M over Alg^ is quasi-unital if 
every element of M belongs to eM for some idempotent e G Algg (which may be assumed 
closed of degree without loss of generality). If $ is a DG B -module then 

M$ := ®AeObB^{A) 

is a quasi-unital DG module over Algg . Thus we get a DG equivalence between DG 
category of DG B -modules and that of quasi-unital DG modules over Algg . 

Recall that a homomorphism of (unitary) DG algebras : A ^ B induces functors 

(?!)* : B°-mod — > ^°-mod, 
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: ^°-mod ^ B°-mod 

^- : ^°-mod ^ ^°-mod 

where (f)* is the restriction of scalars, (j)*{M) = M®j\^B and ^'(M) = Hom^o(i3, M) . The 
DG functors and are adjoint: for M G ^°-mod and A?^ G fi°-mod there 

exist functorial isomorphisms of complexes 

Hom((/)*M, Af) = Hom(M, 0*Af), Hom((/)*Af, M) = Hom(Af, (/.'M). 

This generahzes to a DG functor F : A ^ B between DG categories. We obtain DG 
functors 

: 6°-mod ^°-mod, 

F* : ^°-mod ^ i3°-mod. 

F- : ^°-mod ^ B°-mod. 

Namely, the DG functor F induces a homomorphism of DG algebras F : Alg_4 Algg 
and hence defines functors F^, , F* between quasi-unital DG modules as above. (These 
functors -F* and F* are denoted in [Dr] by Resi? and Indi? respectively.) The functor F' 
is defined as follows: for a quasi-unital Alg^ -module M put 

F'(M) = HomAigO^(AlgB,Mr, 

where A/"^" C A?^ is the quasi-unital part of a Algg -module N defined by 

AT^" := Im(A^ x Algg ^ A^). 

The DG functors {F*,F^) and {F^,F-) are adjoint. 

Lemma 3.6. Let F : B be a DG functor. Then 

a) F^ preserves acyclic DG modules; 

b) F* preserves h-projective DG modules; 

c) F' preserves h-injective DG modules. 

Proof. The first assertion is obvious and the other two follow by adjunction. □ 

By Theorem 3.1 above the DG subcategories V{A) and 1(A) of ^''-mod allow us to 
define (left and right) derived functors of DG functors G : .4°-mod — > H°-mod in the usual 
way. Namely for a DG -module M choose quasi-isomorphisms P ^ M and M ^ I 
with P e V{A) and / e I{A) . Put 

LG(M) := G{P), RG(M) := G{I). 

In particular for a DG functor F : A ^ B we will consider derived functors hF* : D{A) 
D{B) , HF- : D{A) D{B) . We also have the obvious functor F^ : D{B) D{A) . The 
functors (LF*,F*) and (F*,RF') are adjoint. 
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Proposition 3.7. Assume that the DG functor F : B is a quasi-equivalence. Then 

a) F* : V{A) — > 'P('B) is a quasi-equivalence; 

b) liF* : D{A) — > D{B) is an equivalence; 

c) F^ : D{B) — > D{A) is an equivalence. 

d) RF' : D{A) D{B) is an equivalence. 

e) F' ■.I{A) -^X{B) is a quasi-equivalence. 

Proof, a) is proved in [Kc] and it implies b) by Theorem 2.1. c) (resp. d)) follows from b) 
(resp. c) by adjunction. Finally, e) follows from d) by Theorem 2.1. □ 

Given DG ^° -modules M,N we denote by Ext" (M,iV) the group of morphisms 
Hom^(_^) (M,iV). 

3.3. DG category A-r. . Let TZ he & DG algebra. We may and will consider 7^ as a 
DG category with one object whose cndomorphism DG algebra is TZ . Wc denote this DG 
category again by TZ . Note that the DG category T^'^-mod is just the category of right DG 
modules over the DG algebra TZ . 

For a DG category A we denote the DG category A ® TZ hy A-r. ■ Note that the 
collections of objects of A and An are naturally identified. A homomorphism of DG 
algebras <p : TZ ^ Q induces the obvious DG functor = id(8)^ : A-ji Aq (which is 
the identity on objects), whence the DG functors 0* , (j)* , (fr between the DG categories 
.4^-mod and A^-mod . For M G .4^-mod we have 

(l)*{M) = M^n Q. 

Also in case Q^"^ is a finitely generated TZ^^ -module we have 

(/)'(M) = Hom^o(Q,M). 

In particular, if TZ is augmented then the canonical morphisms of DG algebras p : k ^TZ 
and i :TZ ^ k induce functors 

p: A^ An, i ■■ An ^ A, 
such that i ■ p = Id^ . So for S G v4°-mod and T G Aj^-iaod we have 

p*{S) = S 0kTl, i*{T) = T®nk, i-{T) =Romn'{k,T). 
For an artinian DG algebra TZ we denote by R* the DG 7^° -module Homfe(7^,A;). This 
is a left TZ -module by the formula 

rf{q) := {-l)(f+?)r f{qr) 
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and a right 7?. -module by the formula 

fr{p) := f{rp) 

for r, p G 7^ and / € TZ* . The augmentation map TZ ^ k defines the canonical (left and 
right) TZ -submodule k d R* . Moreover, the embedding k ^ TZ* induces an isomorphism 
k Hom7^(fe,7^*) . 

Definition 3.8. Let TZ he an artinian DG algebra. A DG -module M is called graded 
TZ -free (resp. graded TZ-cofree) if there exists a DG A*^ -module K such that ~ 
{K ® TZY^ (resp. ~ (if (g) 7^*)s'■ ). Note that for such M one may take K = i*M 

(resp. K = vM ). 

Lemma 3.9. Let TZ he an artinian DG algebra. 

a) The full DG subcategories of DG -modules consisting of graded TZ -free (resp. 
graded TZ-cofree) modules are DG isomorphic. Namely, if M E A^^-mod is graded TZ-free 
(resp. graded TZ-cofree) then M ®tiTZ* (resp. HomT^o (7?.* , M) ) is graded TZ-cofree (resp. 
graded TZ -free). 

b) Let M be a graded TZ -free module. There is a natural isomorphism of DG Ji^ -modules 

i*M ^i-{M ®n TZ*). 

Proof, a) If M is graded 7^ -free, then obviously M ^-jiTZ* is graded 7^-cofree. Assume 
that N is graded 7^-cofree, i.e. iV^r = {K®TZ*Y' . Then 

(Hom^o(7^^A^))g■■ = (if ®Hom7^o(7^^7^*))e■", 

since dim^ 7^ < oo . On the other hand 

Hom7^o(7^*,7^*) = Hom7^o(7^*,Homfe(7^, k)) = Homfc(7^* <^n T^,k) = TZ, 

so (HomT^o {TZ*,N))S' = {K ^ TZ)^' . 

b) For an arbitrary DG A^ -module M we have a natural (closed degree zero) morphism 
ofDG -modules 

i*M ^ v{M ^TlTZ*), 1 (1 HH. m(8)i), 

where i : TZ ^ k is the augmentation map. If M is graded 7^ -free this map is an 
isomorphism. □ 

Proposition 3.10. Let TZ be an artinian DG algebra. Assume that a DG Aj^ -module 
M satisfies property (P) (resp. property (I)). Then M is graded TZ-free (resp. graded 
TZ -co free). 
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Proof. Notice that the collection of graded 7?. -free objects in ,41^-mod is closed under 
taking direct sums, direct summands (since 7?. is a local ring) and direct products (since 
TZ is finite dimensional). Similarly for graded 7^-cofree objects since the DG functors in 
Lemma 3.9 a) preserve direct sums and products. Also notice that for any A G An the 
DG -module (resp. h\) is graded 7?. -free (resp. graded 7?.-cofree). Now the 
proposition follows since a DG -module P (resp. /) with property (P) (resp. property 
(I)) as a graded module is a direct sum of relatively projective DG modules (resp. a direct 
product of relatively injective DG modules). □ 

Corollary 3.11. Let TZ be an artinian DG algebra. Then for any DG A^^ -module M 
there exist quasi-isomorphisms P ^ M and M ^ I such that P G V{Ati) , I G T^An) 
and P is graded TZ -free, I is graded TZ -cofree. 

Proof. Indeed, this follows from Theorem 3.4 and Proposition 3.10 above. □ 

Proposition 3.12. Let TZ be an artinian DG algebra and S,T € A^-mod be graded 
TZ-free (resp. graded TZ - cofree). 

a) There is an isomorphism of graded algebras Hom(S', T) = Hom(i*S', i*T) ®TZ, (resp. 
Hom(S', T) = Hom(i'5, i'T) ®TZ). In particular, the map i* : Hom(5, T) Hom(i*5, i*r) 
(resp. r : Hom(5, T) —>■ Hom(rS', rT) ) is surjective. 

b) The DG module S has a finite filtration with subquotients isomorphic to i*S as DG 
A^ -modules (resp. to i^i*S as DG A^-modules). 

c) The DG algebra End(<S') has a finite filtration by DG ideals with subquotients isomor- 
phic to End(rS') . 

d) If f E Hom(S', T) is a closed morphism of degree zero such that i*f (resp. i'f ) is 
an isomorphism or a homotopy equivalence or a quasi-isomorphism, then f is also such. 

Proof. Because of Lemma 3.9 above it suffices to prove the proposition for graded 7?. -free 
modules. So assume that 5, T are graded 7^ -free. 

a) This holds because TZ is finite dimensional. 

b) We can refine the filtration of TZ by powers of the maximal ideal to get a filtration 
FiTZ by ideals with 1-dimensional subquotients (and zero differential). Then the filtration 
FiS := S ■ FiTZ satisfies the desired properties. 

c) Again the filtration Fj End(S') := End(S') ■ F^TZ has the desired properties. 

d) If i*f is an isomorphism, then / is surjective by the Nakayama lemma for TZ . Also 
/ is injective since T if graded 7^ -free. 

Assume that i*f is a homotopy equivalence. Let C{f) G v41^-mod be the cone of /. 
(It is also graded 7?. -free.) Then i*C{f) G ^"-mod is the cone C{i* f) of the morphism 
i* f . By assumption the DG algebra End(C(i*/)) is acyclic. But by part c) the complex 
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End(C(/)) has a finite filtration with subquotients isomorphic to the complex End(C(z*/)) . 
Hence End(C(/)) is also acyclic, i.e. the DG module C(/) is nuU-homotopic, i.e. / is a 
homotopy equivalence. 

Assume that i*f is a quasi-isomorphism. Then in the above notation C{i*f) is acyclic. 
Since by part b) C(/) has a finite filtration with subquotients isomorphic to C{i*f) , it is 
also acyclic. Thus / is a quasi-isomorphism. □ 

3.4. More DG functors. So far we considered DG functors , F* , F- between the DG 
categories -mod and B*^ -mod which came from a DG functor F : A^ B . We will also 
need to consider a different type of DG functors. 

Example 3.13. For an artinian DG algebra TZ and a small DG category A we will 
consider two types of "restriction of scalars" DG functors 7r*,7r! : A^-mod — >■ TiP-mod. 
Namely, for M G A^-mod put 

7r*M:= Yl ^(^)' := M{A). 

AeObAn AeObAn 

We will also consider the two "extension of scalars" functors 7r*,7r' : TZ^-mod — > A^-mod 
defined by 

7r*{N){A) := Hom^(A-B) 7r'(iV)(A) := Homfc( Hom^(5, yl), iV) 

BeObA B€ObA 

for A G ObA-jz . Notice that the DG functors (7r*,7r,,) and (7r],7r') are adjoint, that is for 

M G J^-mod and N G VP-mod there is a functorial isomorphism of complexes 

Hom(7r*iV, M) = Hom(iV, 7r*M), Hom(7r!M, N) = Hom(M, vr'iV). 

The DG functors 7r*,7r' preserve acyclic DG modules, hence tt* preserves h-injectives 
and TTi preserves h-projectives. 

We have the following commutative functorial diagrams 

A^-mod A^-mod 

TTl i TTI J, 

n°-mod ^ DG{k), 
■I 

A^-mod Ai^-mod 

VP-mod DG{k). 
Example 3.14. Fix E G A^-mod and put B = End(£') . Consider the DG functor 

^ = T.^ -.B^-mod^ A^-mod 
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defined by S(M) = M®qE . Clearly, = E . This DG functor gives rise to the functor 

LS : D{B) ^ D{A), LS(M) = M^bE. 

3.5. Pre-triangulated DG categories. For any DG category A there exists a DG 

category ^p^'^^*'' and a canonical full and faithful DG functor F : A ^ y^prc-tr ^^^^ 
[BoKa] , [Dr] ) . The homotopy category Y{o{A^^"'~^'^) is eanonically triangulated. The DG 
category A is called pre-triangulated if the DG functor F is a quasi-equivalence. The DG 
category ^P^'^-ti" ig pre-triangulated. 

Let B be another DG category and G : A ^ B be a quasi-equivalence. Then (^p""^*"" : 
^pre-tr _^ ^prc-tr jg ^^so a quasi-equivalencc. 

The DG functor F induces a DG isomorphism of DG categories F^ : [A^^'^^'^'^)^ -mod 
.A°-mod. Hence the functors F^ : D{AP'''-^') D(A) and LF* : D{A) DiAP'""-^') are 
equivalences. We obtain the following corollary. 

Corollary 3.15. Assume that a DG functor Gi : A ^ B induces a quasi-equivalence 
^pre-tr . y|^prc-tr _^ ^pre-tr _ j^^^ q another DG Category and consider the DG functor 

G := Gi ® \d : A C ^ B ® C . Then the functors G*,LG*,RG' between the derived 
categories D{A®C) and D(B®C) are equivalences. 

Proof. The DG functor G induces the quasi-equivalence G^''^^'' : {A ® C)P''^"*'' (B (g) 
^^pre-tr jjg^gg ^j^g coroUary follows from the above discussion and Proposition 3.6. □ 

Example 3.16. Suppose B is a pre-triangulated DG category. Let G\ : A ^ B be an 

embedding of a full DG subcategory so that the triangulated category Ho(H) is generated by 
the collection of objects ObA . Then the assumptions of the previous corollary hold. 

3.6. A few lemmas. 

Lemma 3.17. Let TZ , Q he DG algebras an d M be a DG Q ® 7^° -module. Then for 
any DG modules N , S over the DG algebras Q° and TZ^ respectively there is a natural 
isomorphism of complexes 

Hom7jo(Ar (8)Q M, 5) = HomQ(iV, Rom-j^oiM, S)). 

Proof Indeed, for / € RomTzo{N ®q M, S) define a{f) G HomQ(iV, Hom7^o(M, S)) by 
the formula a(/)(n)(m) = f{n®m) . Conversely, for g € HomQ(A'', Hom7^o(M, 5)) define 
P{g) e'ilomTio{N 'S>qM,S) by the formula l3{g) = g{n){m) . Then a and /? are mutually 
inverse isomorphisms of complexes. □ 

Lemma 3.18. Let TZ be an artinian DG algebra. Then in the DG category TiP-mod a 
direct sum of copies of TZ* is h-injective. 
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Proof. Let F be a graded vector space, M = V ®TZ* G T^.'^-mod and C an acyclic DG 
TiP -module. Notice that M = Homfc(7^, V) since dim??. < cxd . Hence the complex 

Hom^o(C, M) = Hom7^o(C, Homfe(7^, V)) = Homfe(C ®n ^, V) = Homfc(C, V) 

is acyclic. □ 

Lemma 3.19. Let B he a DG algebra, such that = for i > . Then the category 
D{B) has truncation functors: for any DG B -module M there exists a short exact sequence 
in B-mod 

r<oM -> M ^ r>oM, 
where W{t<oM) =0 if i > and H\t>qM) = for i < . 

Proof Indeed, put r<oM := ei<oM* © d(M~^) . □ 

Lemma 3.20. Let B be a DG algebra, s.t. B^ = for i > and dimB* < oc for all 
i . Let N be a DG B -module with finite dimensional cohomology. Then there exists an 
h-projective DG B -module P and a quasi-isomorphism P ^ N , where P in addition 
satisfies the following conditions 

a) P' = for i»0, 

b ) dim < oo for all i . 

Proof. First assume that N is concentrated in one degree, say AT* = for i ^ . Consider 
iV as a A; -module and put Pq B N . We have a natural surjective map of DG B- 
modules e : Pq ^ N which is also surjective on the cohomology. Let K := Kere. Then 
= for z > and dim < oo for all i . Consider as a DG k -module and put 
P_i := B ® K . Again we have a surjective map of DG ;B -modules P_i K which is 
surjective and surjective on cohomology. And so on. This way we obtain an exact sequence 
of DG B -modules 

... ^ P_i ^ Po A AT ^ 0, 

where Pl^ = for i < and dim PI < oo for all j. Let P := ®jP-j[j] be the 
"total" DG ^-module of the complex ... ^ P_i ^ Pq ^ 0. Then e : P ^ iV is a 
quasi-isomorphism. Since each DG S -module P-j has the property (P), the module P is 
h-projective by Remark 3.5a). Also P* = for i < and dimP* < infty for all i . 

How consider the general case. Let H^{N) = and H'''{N) = for all i < s . Replacing 
N by T:>sN (Lemma 3.19) we may and will assume that A^* = for i < s . Then 
M := (Ker^Tv) H is a DG S-submodulc of which is not zero. If the embedding 
M ^ N is a quasi-isomorphism, then we may replace A'^ by M and so we are done by 
the previous argument. Otherwise we have a short exact sequence of DG B -modules 

M ^ N ^ N/M 
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with dim H{M), dim H{N/M) < dim H{N). By the induction on dim H{N) we may 
assume that the lemma holds for M and N/M . But then it also holds for AT . □ 

Corollary 3.21. Let B be a DG algebra, s.t. = for i > and dimi?* < oo for 
all i . Let N be a DG B -module with finite dimensional cohomology. Then N is quasi- 
isomorphic to a finite dimensional DG B -module. 

Proof. By Lemma 3.20 there exists a bounded above and locally finite DG Z3 -module P 
which is quasi-isomorphic to . It remains to apply the appropriate truncation functor to 
P (Lemma 3.19). □ 

Corollary 3.22. Let B be an augmented DG algebra, s.t. = for z > and dim 5* < 

oo for all i . Denote by [k) C D{&) the triangulated envelope of the DG B^ -module k . 
Let N be a DG B -module with finite dimensional cohomology. Then N E {k) . 

Proof. By the previous corollary we may assume that N is finite dimensional. But then 
N has a filtration by DG 6° -modules with subquotients isomorphic to fc . □ 

Lemma 3.23. Let B and C be DG algebras. Consider the DG algebra B ® C and a 
homoniorphism of DG algebras F : B B ® C , F{b) =601. Let N be an h-projective 
(resp. h-injective) DG B C -module. Then the DG B -module F^N is also h-projective 
(resp. h-injective). 

Proof. The assertions follow from the fact that the DG functor F^ : B C-mod — > ;B-mod 
has a left adjoint DG functor F* (resp. right adjoint DG functor F' ) which preserves 
acyclic DG modules. Indeed, 

F* (M) = C (g)fe M, F- (M) = Homfe (C, M) . 

□ 

Part 2. Deformation functors 

4. The homotopy deformation and co-deformation functors 

Denote by Gpd the 2-catcgory of groupoids. 

Let ^ be a DG category and i? be a DG -module. Let us define the homotopy 
deformation 2- functor Def'^(£') : dgart Gpd. This functor describes "infinitesimal" 
(i.e. along artinian DG algebras) deformations of E in the homotopy category of DG 

-modules. 
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Definition 4.1. Let TZ be an artinian DG algebra. An object in the groupoid T>e{^{E) 
is a pair {S, a) , where S G Aj^-mod and a : i*S E is an isomorphism of DG AP - 
modules such that the following holds: there exists an isomorphism of graded -modules 
r] : {E ® TZ)^ — > so that the composition 

E = i*{E®n) i*S^E 

is the identity. 

Given objects {S,a),{S' ,a') € Bef^{E) a map f : {S,a) {S',a') is an isomorphism 
f : S ^ S' such that a' -i* f = a . An allowable homotopy between maps f,g is a homotopy 
h : f —> g such that i*{h) = . We define morphisms in Def^(£^) to be classes of maps 
modulo allowable homotopies. 

Note that a homomorphism of artinian DG algebras (j) : TZ ^ Q induces the functor 
(f)* : Def^(E) Bei^{E) . This defines the 2- functor 

T)ei^{E) : dgart ^ Gpd. 

We refer to objects of Def^(£^) as homotopy 7?. -deformations of E . 

Example 4.2. We call {p*E, id) G Def^(£^) the trivial Tl -deformation of E . 

Definition 4.3. Denote by Bef^{E) , Def^(£;), Def^{E) , Bef^^{E) the restrictions of 
the 2-functor Def'^(£^) to subcategories dgart _,_ , dgart _ , art, cart respectively. 

Let us give an alternative description of the same deformation problem. We will define the 
homotopy co-deformation 2-functor coDef'^(£^) and show that it is equivalent to Def'^(£') . 
The point is that in practice one should use Def'^(£') for a h-projective E and coDef*^(£') 
for a h-injective E (see Section 11). 

For an artinian DG algebra TZ recall the 7?.° -module TZ* = Y{.ova.k{TZ,k) . 

Definition 4.4. Let TZ be an artinian DG algebra. An object in the groupoid Q,6Dei\{E) 
is a pair {T,t) , where T is a DG -module and t : E —> i T is an isomorphism of DG 
-modules so that the following holds: there exists an isomorphism of graded A^^ -modules 
S : — > (8) 7^*)^'' such that the composition 

E^i-T"'^ i!-{E®Ti*) = E 

is the identity. 

Given objects {T,t) and {T',t') G coDcf^(i?) a map g : {T,t) {T',t') is an iso- 
morphism f : T ^ T' such that v f ■ t = t' . An allowable homotopy between maps f,g 
is a homotopy h : f ^ g such that i'{h) = . We define morphisms in coDef\{E) to be 
classes of maps modulo allowable homotopies. 
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Note that a homomorphism of DG algebras (f) : TZ ^ Q induces the functor cf)' : 
Bef\{E) Def^(£;) . This defines the 2- functor 

Def^(^) : dgart ^ Gpd. 

We refer to objects of coDef^(£^) as homotopy 7^ -co-deformations of E . 

Example 4.5. For example we can take T = E ® TV with the differential dE,R* '■= 
c^B <8) 1 -|- 1 (8) du* (and t = id). This we consider as the trivial TZ -co- deformation of E . 

Definition 4.6. Denote by coDef'|L(£;) , coBef^{E) , coDef{j(£;) , coDefJ^i(£;) the restric- 
tions of the 2- functor coDe& (E) to subcategories dgart _,_ , dgart _ , art, cart respectively. 

Proposition 4.7. There exists a natural equivalence of 2-functors 

5 = 6^ : De&{E) coBe&{E). 

Proof. We use Lemma 3.9 above. Namely, let S bean 7?. -deformation of E. Then S^-jiR* 
is an 7^ -co-deformation of E . Conversely, given an 7?. -co-deformation T of E the DG 
-module HomT^o (7^* , T) is an TZ -deformation of E . This defines mutually inverse 
equivalences S-n and 5^ between Def^(£') and coDei\{E) , which extend to morphisms 
between 2-functors Def'^(£') and coDef^(£^) . Let us be a little more explicit. 

Let (f) -.TZ ^ Q be a homomorphism of artinian DG algebras and S G Def^(£^) . Then 

Sq ■ = S®nQ^QQ* = S®n Q*, </>' • 6niS) = Hom7^o(Q, S ®7^ 

The isomorphism of these DG -modules is defined by a(f){s (iSi f){q){r) := sf{q(j){r)) 
for s (z S , f € Q* , q (z Q, r G TZ . Given another homomorphism ip : Q ^ Q' 
of DG algebras one checks the cocycle condition a^^ = ip\aff,) ■ (under the natural 
isomorphisms (V'^)* = i^*<p* , {il^<t>f = ip'(p' )• □ 

5. Maurer-Cartan functor 

Definition 5.1. For a DG algebra C with the differential d consider the (inhomogeneous) 
quadratic map 

Q:C^ ^ C^; Q(a) = da + . 
We denote by MC{C) the (usual) Maurer-Cartan cone 

MC{C) = {a G C^\Q{oi) = 0}. 

Note that a G MC{C) is equivalent to the operator d-\- a : C ^ C having square zero. 
Thus the set MC{C) describes the space of "internal" deformations of the differential in 
the complex C . 
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Definition 5.2. Let B be a DG algebra with the differential d and a nilpotent DG ideal 
I C B . We define the Maurer-Cartan groupoid MC{B,I) as follows. The set of objects 
of MC{B,I) is the cone MC{X) . Maps between objects are defined by means of the gauge 
group G{B,I) ■.= 1+1^ (T^ is the degree zero component of I ) acting on MC{B,I) by 
the formula 

g gag~^ +gd{g~^), 

where g G G{B,I) , a G MC{I) . (This comes from the conjugation action on the space 
of differentials g : d + a i-^ g{d + oc)g~^ .) So if g{a) = (3 , we call g a map from a to 
(3 . Denote by G{a, (3) the collection of such maps. We define the set Hom(Q!, (3) in the 
category MC{B,I) to consist of homotopy classes of m,aps, where the homotopy relation is 
defined as follows. There is an action of the group on the set G{a,f3) : 

h : g ^ g + d(h) + f3h + ha, 

for h G I~^,g G G{a,(3) . We call two maps homotopic, if they lie in the same -orbit. 

To make the category 7V4C(B,X) well defined we need to prove a lemma. 

Lemma 5.3. Let ai,a2,a3,a4 G MC{T) and gi G G{ai,a2), gi,gz € G(a2,Oi^) , gA G 

G(a3,Q;4). // g2 and gs are homotopic, then so are g2gi and g^gi (resp. 5452 o-nd 
9493 )■ 

Proof. Omit. □ 

Let C be another DG algebra with a nilpotent DG ideal J d C . K homomorphism of 
DG algebras i/j : B ^ C such that tp{I) C J" induces the functor 

^* ■.MCiB,I)^MCiC,J). 

Definition 5.4. Let B be a DG algebra and TZ be an artinian DG algebra with the maximal 
ideal m C TZ . Denote by MCtz{B) the Maurer-Cartan groupoid MC{B ®TZ,B ® m) . A 
homomorphism of artinian DG algebras (f) : TZ ^ Q induces the functor (p* : AiCniB) — > 
AiCQ{B) . Thus we obtain the Maurer-Cartan 2- functor 

MC(B) : dgart ^ Gpd. 

We denote by MC+{B) , MC-{B) , MCo{B) , MCc\{B) the restrictions of the functor 
M.C{B) to subcategories dgart_|_ , dgart_ , art , cart . 

Remark 5.5. A homomorphism of DG algebras ip : C ^ B induces a morphism of functors 

^* : MC{C) MC{B). 
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6. DESCRIPTION OF FUNCTORS 'Def^{E) AND CoDef^(£^) 

We are going to give a description of the functor Def'^ and hence also of the functor 
coDef'^ via the Maurer-Cartan functor AiC . 

Proposition 6.1. Let A be a DG category and E G A^-mod. Denote by B the DG algebra 
End(£') . Then there exists an equivalence of functors 9 = 9^: MC{B) —>■ Def^{E) . (Hence 
also M.C{B) and coDef^(£^) are equivalent.) 

Proof. Fix an artinian DG algebra TZ with the maximal ideal m . Let us define an equiv- 
alence of groupoids 

On : MCtz{B) ^ Def^(E). 
Denote by Sq = p*E e .Al^-mod the trivial 7^ -deformation of E with the differential 
dE,'R. = dE^l + i^diz . There is a natural isomorphism of DG algebras End(S'o) = B®Tl. 
Let a G MC{B ® m) = MC-jiiB) . Then in particular a G End^(S'o) . Hence da ■= 

dE,TZ + o is an endomorphism of degree 1 of the graded module Sf^ . The Maurer-Cartan 
condition on a is equivalent to = . Thus we obtain an object Sa G .4.^-mod . Clearly 
i* Sa = E , so that 

9n{a) := (5„,id) GDcf^(^). 

One checks directly that this map on objects extends naturally to a functor 6ti : A4C'ji{B) - 
Def^(£;) . Indeed, maps between Maurer-Cartan objects induce isomorphisms of the corre- 
sponding deformations; also homotopies between such maps become allowable homotopies 
between the corresponding isomorphisms. 

It is clear that the functors are compatible with the functors 0* induced by mor- 
phisms of DG algebras (f) : TZ ^ Q . So we obtain a morphism of functors 

9 : MC{B) Def'^(^). 

It suffices to prove that 9tz is an equivalence for each TZ . 

Surjective. Let (r,r) G Def^(E) . We may and will assume that T^"" = S^"" and r = id . 
Then ar := dr - dn,E e End^^o) = {B ® TZf is an element in MC{B ® TZ) . Since 
i*aT = it follows that ar G MCn{B) . Thus (r,r) = 9Tz{aT) ■ 

FuU. Let a,/3 G M.Cn{B) . An isomorphism between the corresponding objects 9tz{oc) 
and 9-R,{P) is defined by an element / G End(5'o) = (B^TZ) of degree zero. The condition 
i*f = idz means that / G 1 m) . Thus / G G{a, f3) . 

Faithful. Let q,/? G MC-jiiB) and f,g & G{a,(3) . One checks directly that / and g 
are homotopic (i.e. define the same morphism in A4Cn{B) ) if and only if there exists an 
allowable homotopy between 9n{f) and 9n{g) ■ This proves the proposition. □ 
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Corollary 6.2. For E G J^-mod the functors T)e&{E) and coDe&{E) depend (up to 
equivalence) only on the DG algebra End(£^) . 

We will prove a stronger result in Corollary 8.2 below. 

Example 6.3. Let E G A'^-mod and denote B = End(£') . Consider B as a (free) right 
B -module, i.e. B G B^-m,od. Then Def'*(^) ~ V)ei'^{E) f~ coDei^{B) ~ coDef''(£;) ) 
because End(;B) = End(£?) = B . We will describe this equivalence directly in Section 9 
below. 

7. Obstruction Theory 

It is convenient to describe the obstruction theory for our (equivalent) deformation func- 
tors Def'* and coDef'* using the Maurer-Cartan functor M.C{B) for a fixed DG algebra 
B. 

Let 71 be an artinian DG algebra with a maximal ideal m , such that mP^^ = . Put 
/ = , TZ = 71/ 1 and it -.71^71 the projection morphism. We have ml = Im = . 

Note that the kernel of the homomorphism l(8)7r : B 71 B ® 71 is the (DG) 
ideal B® I . The next proposition describes the obstruction theory for lifting objects and 
morphisms along the functor 

TT* : MCn{B) MCj^iB). 

It is essentially copied from [GW]. Note however a small difference in part 3) since we do 
not assume that out DG algebras live in nonnegative dimensions (and of course we work 
with DG algebras and not with DG Lie algebras). 

Proposition 7.1. 1). There exists a map 02 : ObJV[C^{B) H'^{B ® I) such that a G 
ObM.Cj^{B) is in the image of vr* if and only if 02(a) = 0. Furthermore if a,l3 G 
ObMC-j^{B) are isomorphic, then 02(a) = if and only if 02(/3) = . 

2). Let £^ G ObA4C-j^{B) . Assume that the fiber (vr*)~^(^) is not empty. Then there 
exists a simply transitive action of the group Z^{B0l) on the set O6(7r*)-^(0 • Moreover 
the composition of the difference map 

Oh{'K*)-\0 X Oh{'K*)-\0 ^ Z\B®L) 

with the projection 

Z^{B®I)^ H^{B®L) 

which we denote by 

01 : O6(7r*)-H0 X Ob(n*)-^{i) ^ H\B ® I) 
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has the following property: for a,l3 E Ob{7T*)~^{^) there exists a morphism 7:0—^/? s.t. 
7r*(7) = id^ if and only if o\{a, /?) = . 

3). Let a,P E ObAiC-ji{B) be isomorphic objects and let f : a ^ P be a morphism from 
a = 77* (a) to /3 = Tr*{P) ■ Then there is a simply transitive action of the group H^{I B) 
on the set {T7*)~^{f) of morphisms f : a ^ $ such that 7r*(/) = / . In particular the 
difference map 

oo:{7T*)-Hj)x{T^THf)^H\B^I) 
has the property: if /, /' G (Tr*)-^/) , then f = f if and only if Oo(/, /') = . 

Proof 1) Let a G ObMC^{B) = MC{B (g) (m/I)) . Choose a e {B ^ m)^ such that 
Tr{a) = a . Consider the element 

Q{a) = da + e {B <S) mf . 

Since Q{a) = we have Q{a) e (B® 1)^ . We claim that dQ{a) = . Indeed, 

dQ{a) = d{a'^) = d{a)a — ad{a.). 

We have d{a) = a^{mod{B (g) /)). Hence dQ{a) = —a^ + = (since / • m = ). 

Furthermore suppose that a! G (g) m)^ is another hft of a , i.e. a' — a G (B (2> i")^ . 
Then 

Q{a') - Q{a) = d{a' - a) + {a' - a){a' + a) = d{a' - a). 

Thus the cohomology class of the cocycle Q{oi) is independent of the lift a. We denote 
this class by 02(0;) e H'^{B ® I) . 

If a = IT* [a) for some a. G ObMC-jiiB) , then clearly 02(a) = 0. Conversely, suppose 
02(0:) = and let a be as above. Then dQ{a) = dr for some r G {B . Put 
a' = a — T . Then 

Q(a') = da — dr + — ar — ra + t'^ = Q{a) — dr = 0. 

Let us prove the last assertion in 1). Assume that it* (a) = a and (3 = g{a) for some 
5 G I + {B ® m/lf . Choose a lift g E I + {B ® m)° of g and put (5 := g{a) . Then 
7r*(^) =13. This proves 1). 

2). Let a G O6(7r*)-i(0 and r/ G Z'^{B (g /) . Then 

Q{a + rfj = da + drj + a^ + arj + rja + rj^ = Q{a) + drj = 

So a + r/ G Ob{'K*)~^{^) . This defines the action of the group Z^{B ® I) on the set 

06(7r*)-i(e). 

Let a,l3 eOb{'K*)-^{i) . Then a-/3G(^g)I)^ and 

d{a -(3)=da-dp + (3{a -/?) + («- P)(3 + {a - pf = Q{a) - Q{(3) = 0. 
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Thus Z^{B<^I) acts simply transitively on O6(7r*)-^(0 ■ Now let oi(a,/3) eH^{B<^I) be 
the cohomology class of a — (3 . We claim that there exists a morphism 7 : a — /3 covering 
id^ if and only if oi{a,(3) = . 

Indeed, let 7 be such a morphism. Then by definition the morphisms 7r*(7) and id^ 
are homotopic. That is there exists /i G (5 (8) {m/I))~^ such that 

id^ = 'iT*{^)+d{h)+ih + hi. 

Choose a lifting h G (;S®m)~^ on h and replace the morphism 7 by the homotopical one 

^ = 7 + d{h) + I3h + ha. 

Thus S = l + u, where u G (2> 7)° . But then 

/3 = Sa6~^ + Sd{S~^) = a - du, 

so that oi{a, /?) = . 

Conversely, let a — (5 = du for some ti € {B® I)^ . Then 5 = 1 + u is a morphism from 
a to /? and 7r*((5) = idj . This proves 2). 

3). Let us define the action of the group Z^{B®I) on the set (vr*)~^(/) . Let f : a P 
be a lift of / , and G Z^{B (g) I) . Then f + v also belongs to (7r*)-^(/) . li v = du for 
n G {B^I)~^ , then 

f + v = f + du + $u + ua 

and hence morphisms / and f + v are homotopic. This induces the action of H'^{B (g) /) 
on the set (7r*)-^(/) . 

To show that this action is simply transitive let f : a ^ P be another morphism in 
(7r*)~^(/) . This means by definition that there exists h & {B ® {m/I))~^ such that 

f = Tr*{f') + dh + ph + ha. 

Choose a lifting h ^ {B ® m)~^ of h and replace /' by the homotopical morphism 

g = f' + dh + Ph + ha. 

Then g = f + v for v e {B i^i I)^ ■ Since f,g:a^P we must have that v G Z^{B (g) I) . 
This shows the transitivity and proves 3). □ 

8. Invariance theorem and its implications 

Theorem 8.1. Let cf) : B ^ C be a quasi-isomorphism of DG algebras. Then the induced 
morphism of functors 

(t>* : MC{B) MC{C) 

is an equivalence. 
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Proof. The proof is almost the same as that of Theorem 2.4 in [GW]. We present it for 
reader's convenience and also because of the slight difference in language: in [GW] they 
work with DG Lie algebras as opposed to DG algebras. 

Fix an artinian DG algebra 71 with the maximal ideal m C TZ, such that m'"'^^ = . 
We prove that 

4>* : MCn{B) ^ MCn{C) 

is an equivalence by induction on n . If n = o , then both groupoids contain one object 
and one morphism, so are equivalent. Let n > . Put / = m" with the projection 
TT : TZ ^ TZ/I = TZ . We have the commutative functor ial diagram 

MCn{B) ^ MCtz{C) 

TT* i ItT* 

^ M%(C). 

By induction we may assume that the bottom functor is an equivalence. To prove the same 
about the top one we need to analyze the fibers of the functor tt* . This has been done by 
the obstruction theory. 

We will prove that the functor 

(t>* : MCn{B) ^ MCn{C) 

is surjective on the isomorphism classes of objects, is full and is faithful. 

Surjective on isomorphism classes. Let (3 £ ObMCniC) . Then 7r*/3 G ObMC^{C) . 
By the induction hypothesis there exists a' G ObMC^{C) and an isomorphism g : (f)*a' 
IT* (5. Now 

H'^{(P)o2{a') = 02{(p*a') = 02(71*/?) = 0. 
Hence 02(0') = , so there exists a G OhMC-jiiyB) such that 7r*d = a' , and hence 

(f)*'!r*a = Tr*(f)*a = (jfa' . 
Choose a lift 5 e 1 + (C (?) mf of g and put ^ = g~'^{(5) . Then 

7r*(^) = 7r*(5-i(/3))=5-V*/3 = r«'. 

The obstruction to the existence of an isomorphism (f>*a ^ (3 covering id^t(^a') is 
clement oi((/)*(q!), /3) € H^{C I) . Since H^^cf)) is surjective there exists a cocycle u G 
Z\B(^I) such that H^{(t))[u] = oi{(f)* (a), (3) . Put a = a - u e ObMCniB) . Then 

oi((/>*a,/3) = oi(0*a, 0*d) + oi(0*d, /?) 

= H^{cl))oi{a,a) + oi{(j)*a,P) 
= -H\cl))[u]+oi{(P*a,(3) = 
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This proves the surjectivity of ^* on isomorphism classes. 

Full. Let / : (p*ai 4'*a2 be a morphism in MCfi{C) . Then n* f is a morphism in 
A^%(C) : 

7r*(/) : i?!)*7r*ai — >■ (f)*'K*a2- 

By induction hypothesis there exists g : 7r*Qi TT*a2 such that 4>*{g) = 7r*(/) . Let 
^ G 1 + (C (2>m)° be any lift of g . Then 7r*(3ai) = n*a2 ■ The obstruction to the existence 
of a morphism 7 : gai — > 0:2 covering id;r*a2 ^.n element oi{gai,a2) G H^{B I) ■ By 
assumption {(j)) is an isomorphism and we know that 

H^{(p){oi{gai,a2)) = oi{(j)*gai,(p*a2) = 0, 

since the morphism f-{(p*g)~^ is covering the identity morphism id-^*,f)*a2 ■ Thus oi{gai,a2) = 
and 7 exists. Then 7 • ^ : ai — a2 is covering g : 7r*ai ^ '/r*a2 • Hence both mor- 
phisms (p*{^ • g) and / are covering 7r*(/) . The obstruction to their equality is an clement 
oo('/'*(7 ' 9)1 f) € H^{C /) . Let u ^ Z^{C I) be a representative of the inverse image 
under H^{(j)) of this element. Then ■ g + u) = f . 

Faithful. Let 71,72 : ai — > 02 be morphisms in M.Cti{B) with ^*7i = 0*72. Then 
(jf 71*^1 = 0*7r*72 . By the induction hypothesis 7r*7i = 71*72 , so the obstruction 00(71,72) G 
H^{B<^I) is defined. Now H^{(fj)oo{4>*^i,(f)*'y2) = ^ ■ Since H^{(t>) is injective it follows 
that 71 = 72 • This proves the theorem. □ 

Corollary 8.2. The homotopy (co-) deformation functor of E E J\P-mod depends only on 
the quasi-isomorphism class of the DG algebra End(£^) . 

Proof. This follows from Theorem 8.1 and Proposition 6.1. □ 

The next proposition provides two examples of this situation. It was communicated to 
us by Bernhard Keller. 

Proposition 8.3. (Keller) a) Assume that E' G J\^-mod is homotopy equivalent to E . 
Then the DG algebras End(£') and End(£") are canonically quasi-isomorphic. 

b) Let P G ViA) and I G T{A) be quasi-isomorphic. Then the DG algebras End(P) 
and End(/) are canonically quasi-isomorphic. 

Proof, a) Let g : E ^ E' be a homotopy equivalence. Consider its cone C (g) G .4°-mod . 
Let C C End(C(g')) be the DG subalgebra consisting of endomorphisms which leave E' 
stable. There are natural projections p : C ^ End(£") and q : C ^ End(£') . We claim 
that p and q are quasi-isomorphisms. Indeed, Ker(p) (resp. Ker(g) ) is the complex 
}iom{E,C{g)) (resp. }lom.{C {g) , E' ) ) . These complexes are acyclic, since g is a homotopy 
equivalence. 
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b) The proof is similar. Let / : P — > 7 be a quasi- isomorphism. Then the cone C(/) 
is acychc. We consider the DG subalgebra V C End(C(/)) which leaves / stable. Then 
V is quasi-isomorphic to End(/) and End(P) because the complexes Hom(P, C(/)) and 
Hom(C (/) , I) are acyclic. □ 

Corollary 8.4. a) If DG JP -modules E and E' are homotopy equivalent then the functors 
Def^(£;) , coBef^iE) , Def''(7;') , coDef''(£;') are canonically equivalent. 

b) Let P ^ I be a quasi-isomorphism between P G 'P{A) and I G . Then the 

functors Def'^(P) , coDef^(P) , Def'^(/) , coDef'^(/) are canonically equivalent. 

Proof. Indeed, this follows from Proposition 8.3 and Corollary 8.2. □ 
Actually, one can prove a more precise statement. 

Proposition 8.5. Fix an artinian DG algebra TZ . 

a) Let g : E ^ E' be a homotopy equivalence of DG -modules. Assume that 
(y,id) G Def^(£?) and (y',id) G Def^(£^') are objects that correspond to each other 
via the equivalence Def^(£^) ~ Def'^(£^') of Corollary 8.4. Then there exists a homotopy 
equivalence g :V ^ V' which extends g , i.e. i*g = g . Similarly for the objects of coDef^ 
with V instead of i* . 

b) Let f : P I be a quasi-isomorphism with P G Vi^A) , I G T{A) . Assume that 
(iS, id) G Def^(£') and (T, id) G Def^(-E') are objects that correspond to each other via the 
equivalence Def^(P) ~ Def^(/) of Corollary 8.4- Then there exists a quasi-isomorphism 
f : S ^ T which extends f , i.e. i*f = f . Similarly for the objects of coDef^ with i' 
instead of i* . 

Proof, a) Consider the DG algebra 

C C End(C(5)) 

as in the proof of Proposition 8.3. We proved there that the natural projections End(i?) ^ 
C End(£") are quasi-isomorphisms. Hence the induced functors between groupoids 
MCTi{ETLd{E)) ^ MCn{C) MCn{^^d{E')) are equivalences by Theorem 8.1. Using 
Proposition 6.1 we may and will assume that deformations (F, id), {V correspond to 
elements as G A^C7^(End(£^)) , ue' G M.CTi{End{E')) which come from the same element 
a G MCn{C) . 

Consider the DG modules E ®Tl, E' ®TZ with the differentials dE ® '\- + '\- ® d-n and 
dfi' (g) 1 + 1 (g) respectively and the morphism g®l: E®TZ^E'®Tl. Then 

^ ^ ( End(£;' (g) 7^) Hom(E (8) 7^, (8) 7^) \ ^ 
C®n=\ ^ ' ^ ' C End(C(5 (g) 1)), 

\ End(£;®7^) ) ^ ^ 
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and 

V aE J 

Recall that the differential in the DG module C{g 1) is of the form (dc (8> (8) 
1 + iX) 1) . The element a defines a new differential on C{g'Sii) which is + 
a^/, ((is[l]«)l + a£;) + (5[l](X)l + t)) . The fact that (1^ = implies that g := g0l + t[-l] : 
V ^ V is a closed morphism of degree zero and hence the DG module C{g ^1) with the 
differential da is the cone C [g) of this morphism. 

Clearly, i*g = g and it remains to prove that ^ is a homotopy equivalence. This in turn 
is equivalent to the acyclicity of the DG algebra End(C(5)) . But recall that the differential 
in End(C(5)) is an " 7?. -deformation" of the differential in the DG algebra End(C(5()) 
which is acyclic, since 5 is a homotopy equivalence. Therefore End(C(^)) is also acyclic. 
This proves the first statement in a). The last statement follows by the equivalence of 
groupoids Def^ 2± coDef^ (Proposition 4.7). 

The proof of b) is similar: exactly in the same way we construct a closed morphism of 
degree zero / : 5 — > T which extends / . Then / is a quasi-isomorphism, because / is 
such. □ 

Proposition 8.6. a) Let F : A ^ C be a DG functor which induces an equivalence of 
derived categories LiF* : D{A) — > D{C) . (For example, this is the case if F induces a 
quasi-equivalence FP"^^"*" : ^P^-^t"^ ^ CP"^^"*" (Corollary 3.15)). 

a) Let P e r{A) . Then the map of DG algebras F* : End(P) End(F*(P)) is a 
quasi-isomorphism. Hence the deformation functors Def^ and coDef*^ of P and F*{P) 
are equivalent. 

b) Let I e I{A) . Then the map of DG algebras F- : End(J) End(F'(/)) IS a quasi- 
isomorphism. Hence the deformation functors J}e& and coDef^ of I and F-{I) are 
equivalent. 

Proof, a) By Lemma 3.6 we have F*{P) G V{C) . Hence the assertion follows from Theo- 
rems 3.1 and 8.1. 

b) The functor RF' : D{A) — > D{C) is also an equivalence because of adjunctions 
(F*,RF'), {LF*,F^) . Also F-{I) e I{C) (Lemma 3.6). Hence the assertion follows from 
Theorems 3.1 and 8.1. □ 

Theorem 8.7. Let (j) : B ^ C be a morphism of DG algebras, such that the induced map 
i?*(0) : H^{B) H^{C) is an isomorphism for i > 0. Then the induced morphism of 
functors 
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is an equivalence. 

Proof. Let V be a complex such that = for i > . Then (g) 1) : HHB (E)V) ^ 

W{C ^V') is an isomorphism for i > . Now the proof is the same as that of Theorem 8.1. 
Indeed, in that proof we only considered cohomology groups , and . Hence the 
same reasoning applies, since we restrict ourselves to artinian DG algebras TZ G dgart_ . □ 

9. Direct RELATION BETWEEN FUNCTORS Def'^(F) AND Def^(;B) (coDef'^(F) AND 

coDef^(;B) ) 

9.1. DG functor E . Let F e A^-mod and put B = End(F) . Recall the DG functor 
from Example 3.14 

S = : B°-mod ^ ^°-mod, S(M) = M F. 
For each artinian DG algebra TZ we obtain the corresponding DG functor 
^Tz:{B0 nf-mod A^-raod, T,n{M) = M®bF. 

Lemma 9.1. The DG functors Ti-n have the following properties. 

a) If a DG {B®TVf' -module M is graded TZ -free (resp. graded TZ-cofree), then so is 
the DG -module T.n{M) . 

b) Let (j) :TZ ^ Q he a homomorphism of artinian DG algebras. Then there are natural 
isomorphisms of DG functors 

In particular, 

S • i* = i* • St^. 

c) There is a natural isomorphism of DG functors 

T,Q ■ (j)- = (jy ■ 

on the full DG subcategory of DG {B (g) 7^)° -modules M such that ~ Mf (g) Mf for 
a B^ -module Mi and an TZ^ -module M2 ■ (This subcategory includes in particular graded 
TZ -cofree modules.) Therefore 

T, ■ r = r ■ Ti-ji 

on this subcategory. 

d) For a graded TZ -free DG {B ® TZ)^ -module M there is a functorial isomorphism 

Yn{M TZ*) = Yn{M) ®n TZ* 
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Proof. The only nontrivial assertion is c). For any DG {B (2> 7^)° -module M there is a 
natural closed morphism of degree zero of DG .4^ -modules 

7M : Hom7^„(Q, M) ®b F ^ Hom7jo(Q, M ®b F), j{g ^ f){q) = {-iy^g{q) ® /• 

Since Q is a finite T?.*^ -module 7m is an isomorphism if M^'' ~ M^'^^Ml'^ for a .B'' -module 
Ml and an TZ^ -module M2 . □ 

Proposition 9.2. a) For each artinian DG algebra TZ the DG functor "E-ji induces functors 
between groupoids 

V>ei\T.n) ■ Def^(S) ^ Def^(F), 
coDef''(E7e) : coDef^(;B) ^ coDef^(F), 

b) The collection of DG functors {^n}n defines natural transformations 

Def'^(S) : Def^(^) ^ Def''(F), 

coDef^(S) : Def^X-S) ^ Dcf'^F). 

c) The morphism Dcf'^(S) is compatible with the equivalence 9 of Proposition 6.1. That 
is the functorial diagram 

MC{B) = MC{B) 
Defi^(S) '"''^'^^ Def'^(F) 

is commutative. 

d) The morphisms Def'^(S) and coDef'^(Il) are compatible with the equivalence 5 of 
Proposition J1..I. That is the functorial diagram 

Defh(^) Bef\F) 
coDef^^) ^"^^'^"^^ coDef^F) 

is commutative. 

e) The natural transformations Def'^(S) and coDcf'^(S) are equivalences, i.e. for each 
TZ the functors Def^(S7j) and coDef'^(S7^) are equivalences. 

Proof, a) and b) follow from parts a),b),c) of Lemma 9.1; c) is obvious; d) follows from part 
d) of Lemma 9.1; e) follows from c) and d). □ 
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9.2. DG functor if)* . Let tp : C ^ B be a homomorphism of DG algebras. Recall the 
corresponding DG functor 

V'* : C°-mod ^ S°-mod, iP*{M) =M®cB. 

For each artinian DG algebra TZ we obtain a similar DG functor 

i^n-iC® 7^)°-mod ^{B® 7^)°-mod, V* {M) = M®cB. 

The next lemma and proposition are complete analogues of Lemma 9.1 and Proposition 
9.2. 

Lemma 9.3. The DG functors ifj^ have the following properties. 

a) If a DG {C ® TVp -module M is graded IZ-free (resp. graded IZ -cofree), then so is 
the DG {B ® nf -module V'^(M) . 

h) Let (f) :TZ ^ Q be a homomorphism of artinian DG algebras. Then there are natural 
isomorphisms of DG functors 

In particular, 

c) There is a natural isomorphism of DG functors 

il'*Q ■ (I)- = (t>- ■ tpn 

on the full DG subcategory of DG {C TZ)^ -modules M such that ~ Mf ® Mf for 
a C° -module Mi and an TZ^ -module M2 ■ (This subcategory includes in particular graded 
TZ -cofree modules.) Therefore 

ip* -i- =i- ■ 

on this subcategory. 

d) For a graded TZ -free DG {C ^ TZ)^ -module M there is a functorial isomorphism 

Proof. This is a special case of Lemma 9.1. □ 

Proposition 9.4. a) For each artinian DG algebra TZ the DG functor tp^ induces functors 
between groupoids 

Def^V^):Def^(C)^Def^(-B), 
coBef^iilj^) : coDef^(C) ^ coDef^(;B), 

b) The collection of DG functors {'4>^}'r defines natural transformations 

Bei^iiP*) : Def^(C) ^ Def^(^), 
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coDef''(V'*) : Be&{C) Def^(B). 

c) The morphism Def'^('0*) is compatible with the equivalence 6 of Proposition 6.1. That 
is the functorial diagram 

MC{C) ^ MC{B) 
Def^C) ^^'^'^^^ De&{B) 

is commutative. 

d) The morphisms T)ef^{tp*) and coDef^{ip*) are compatible with the equivalence 5 of 
Proposition ^.7. That is the functorial diagram 

Def^C) Bei\B) 

coDef^C) '^"^^-^^^^^ coDef^e) 

is commutative. 

e) Assume that i/j is a quasi-isomorphism. Then the natural transformations Def'^(V'*) 
and coDef'^(V'*) are equivalences, i.e. for each TZ the functors Def^{ip^) and c6Def^{^p^) 
are equivalences. 

f) Assume that the induced map : W{B) W{C) is an isomorphism for i > . 
Then the natural transformations Dei^^tjj*) and coDef?i(^*) are equivalences, i.e. for 
each TZ G dgart_ the functors T)ef^{tp^) and coDef'^(^^) are equivalences. 

Proof, a) and b) follow from parts a),b),c) of Lemma 9.3; c) is obvious; d) follows from part 
d) of Lemma 9.3; e) follows from c),d) and Theorem 8.1; f) follows from c),d) and Theorem 
8.7. □ 

Later we will be especially interested in the following example. 

Lemma 9.5. (Keller), a) Assume that the DG algebra B satisfies the following conditions: 
H\B) =0 for i<0, H^{B) = k (resp. H^{B) = k). Then there exists a DG subalgebra 
C G B with the properties: = for i < , = k , and the embedding tp : C "-^ B is a 
quasi-isomorphism (resp. the induced map : H^{C) — > W{B) is an isomorphism for 

i>0). 

Proof. Indeed, put C'^ = k , = K ® L , where d{K) = and K projects isomorphically 
to H^{B) , and d : L ^ d{B^) C B^ . Then take C = B' for z > 2 and C = for 
i<0. □ 
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10. The DERIVED DEFORMATION AND CO-DEFORMATION FUNCTORS 

10.1. The functor Def (i?) . Fix a DG category A and an object E € ^*^-mod . We 
are going to define a 2-functor Def(£^) from the category dgart to the category Gpd 
of groupoids. This functor assigns to a DG algebra TZ the groupoid DefTi{E) of TZ- 
deformations of E in the derived category D{A) . 

Definition 10.1. Fix an artinian DG algebra TZ . An object of the groupoid T>eiTz{E) is 
a pair {S,a) , where S G D[A-r,) and a is an isomorphism (in D{A) ) 

a : \.i*S E. 

A morphism f : {S,a) — > (T, r) between two TZ -deformations of E is an isomorphism (in 
D{An) ) f -.S ^T, such that 

T-U*{f) = a. 

This defines the groupoid DeiniE) ■ A homomorphism of artinian DG algebras (f> :TZ ^ Q 
induces the functor 

L(t>* : Befn{E) BeiQ{E). 

Thus we obtain a 2-functor 

Bef{E) : dgart ^ Gpd. 

We call Def (E) the functor of derived deformations of E . 

Remark 10.2. A quasi-isomorphism (j) : TZ ^ Q of artinian DG algebras induces an 
equivalence of groupoids 

L<P* : Dein{E) DefQ(E). 

Indeed, L(/)* : D{Atz) D{Aq) is an equivalence of categories (Proposition 3.7) which 
commutes with the functor Li* . 

Remark 10.3. A quasi-isomorphism 6 : Ei ^ E2 of DG A^ -modules induces an equiva- 
lence of functors 

: Def(Ei) ^ Def(£;2) 

by the formula S* {S, a) = {S,S ■ a) . 

Proposition 10.4. Let F : A ^ A' be a DG functor which induces a quasi- equivalence 
^pre-tr . ^prc-tr ^ ^/pre-tr _ j^f^^^ ^ ^ ^^^^ dcformation functors Def(S) 

and Def(LF*(£')) are canonically equivalent. (Hence also Def(F*(£^')) and Def(i?') are 
equivalent for any E' € D{A') ). 
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Proof. For any artinian DG algebra Tl the functor F induces a commutative functorial 
diagram 

DiAn) "^''-^'^ 
i Lz* i Li* 

D{A) ^ D{A') 
where LF* and L(F (g) id)* are equivalences by Corollary 3.15. The horizontal arrows 
define a functor : Def7e(£^) — > Def7e.(LF*(£^)) . Moreover these functors are compatible 
with the functors 'L<p* : DefT^ — > Defg induced by morphisms (p : TZ ^ Q of artinian DG 
algebras. So we get the morphism F* : Def(£J) — > Def(JjF*(E)) of 2-functors. It is clear 
that for each TZ the functor F^ is an equivalence. Thus F* is also such. □ 

Example 10.5. Suppose that A' is a pre-triangulated DG category (so that the homotopy 
category Ho(,4') is triangulated). Let F : A^ A! he an embedding of a full DG subcategory 
so that the triangulated category Ho(,4') is generated by the collection of objects ObA ■ Then 
the assumption of the previous proposition holds. 

Remark 10.6. In the definition of the functor Def(£^) we could work with the homotopy 
category of h-projective DG modules instead of the derived category. Indeed, the functors i* 
and (f)* preserve h-projective DG modules. 

Definition 10.7. Denote by Def+(£^) , Def_(E') , Defo(i?) , Defci(-E') the restrictions of 
the functor Del{E) to subcategories dgart_,_ , dgart_ , art , cart respectively. 

10.2. The functor coDef(£^) . Now we define the 2-functor coDef of derived co- 
deformations in a similar way replacing everywhere the functors (•)* by (•)' . 

Definition 10.8. Fix an artinian DG algebra TZ . An object of the groupoid coDef-]i{E) 
is a pair {S,a) , where S G D{An) o-nd o is an isomorphism (in D{A) ) 

a: E ^ Ki-S. 

A morphism f : {S,a) (T^t) between two TZ -deformations of E is an isomorphism (in 
D{An) ) f :S -^T , such that 

R.r{f)-a = T. 

This defines the groupoid coDel-jiiE) . A homomorphism of artinian DG algebras (f) : TZ ^ 
Q induces the functor 

Kcp- : coDef7^(S) ^ coDefQ(£;). 

Thus we obtain a 2-functor 

coDef (£;) : dgart ^ Gpd. 
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We call coDef (E) the functor of derived co-deformations of E . 

Remark 10.9. A quasi-isomorphism (p : TZ —>■ Q of artinian DG algebras induces an 
equivalence of groupoids 

R(j)' : coDef7^(^) ^ coDefQ(^). 

Indeed, R(/)' : D^A-jz) -^(^q) is an equivalence of categories (Proposition 3.7) which 
commutes with the functor Rr . 

Remark 10.10. A quasi-isomorphism 6 : Ei ^ E2 of A-DG-modules induces an equiva- 
lence of functors 

5* : coBei{E2) coBef{Ei) 
by the formula 6*{S, a) = {S,a ■ 6) . 

Proposition 10.11. Let F : A ^ A' be a DG functor as in Proposition 10. 4 above. 
Consider the induced equivalence of derived categories RF' : D{A) — D{A') (Corollary 
3.15). Then for any E e D{A) the deformation functors coDei{E) and coDef(RF'(E)) 
are canonically equivalent. (Hence also coDef and coDef(£^') are equivalent for 

any E' G D{A!) ). 

Proof. For any artinian DG algebra TZ the functor F induces a commutative functorial 
diagram 

i Rr i Ri 

D{A) ^ D{A!), 
where R(7?. ® F)^- is an equivalence by Corollary 3.15. The horizontal arrows define a 
functor F]^ : coDef-jiiE) — > coDef-jzCRF' {E)) . Moreover these functors are compatible 
with the functors R^' : coDef-jz — > coDef q induced by morphisms (f> : TZ ^ Q of artinian 
DG algebras. So we get the functor F' : coDef(E) — > coDef (LF(£^)) . It is clear that for 
each TZ the functor F^ is an equivalence. Thus is also such. □ 

Example 10.12. Let F : A' ^ A be as in Example 10.5 above. Then the assumption of 
the previous proposition holds. 

Remark 10.13. In the definition of the functor coDef(£') we could work with the homotopy 
category of h-injective DG modules instead of the derived category. Indeed, the functors v 
and (f)' preserve h-injective DG modules. 

Definition 10.14. Denote by coDef+(£') , coDei-{E) , coDefo(-E) , coDefci(-B) the re- 
strictions of the functor coDei{E) to subcategories dgart_|_ , dgart_ , art, cart respec- 
tively. 
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Remark 10.15. The functors Def(£') and coDef(£') are not always equivalent (unlike 
their homotopy counterparts Def''(£') and coDef''(£') ). In fact we expect that the functors 
Def and coDef are the "right ones" only in case they can be expressed in terms of the 
functors J}e& and coDef*^ respectively. (See the next section). 

11. Relation BETWEEN FUNCTORS Def and Def^ (resp. coDef and coDef ) 

The ideal scheme that should relate these deformation functors is the following. Let A 
be a DG category, E G A^-mod . Choose quasi-isomorphisms P ^ E and E I , where 
P € V{A) and / € T{A) ■ Then there should exist natural equivalences 

Def (£;) ~ Def'*(P), coDef(£;) ~ coDef''(/). 

Unfortunately, this does not always work. 

Example 11.1. Let A be just a graded algebra A = k[t] , i.e. A contains a single 
object with the endomorphism algebra k[t] , deg(t) = 1 (the differential is zero). Take the 
artinian DG algebra TZ to be TZ = k[e]/{e'^) , deg(e) = 1 (again the differential is zero). 
Let E = A and consider a DG A^ -module M = E®Tl with the differential du which is 
the multiplication by e . Clearly, M defines an object in T)ef^{E) which is not isomorphic 
to the trivial deformation. However, one can check that 'Li*M is not quasi-isomorphic to 
E (although i*M = E ), thus M does not define an object in Def(£') . This fact and the 
next proposition show that the groupoid Def7e(£') is connected (contains only the trivial 
deformation), so it is not the "right" one. 

Proposition 11.2. Assume that 'Exi~^{E,E) = . 

1) Fix a quasi-isomorphism P ^ E , P E ViA) . Let TZ be an artinian DG algebra and 
{S, id) G Def^(P) . The following conditions are equivalent: 

a) Se r{An) , 

b) i*S = Li*S , 

c) (-S, id) defines an object in the groupoid DeiniE) ■ 

The functor Def (£■) is equivalent to the full subfunctor of coDef''(P) consisting of objects 
(5, id) G Def^(P) , where S satisfies a) (or b)) above. 

2) Fix a quasi-isomorphism E ^ I with I G T(^A) ■ Let TZ be an artinian DG algebra 
and (P, id) G coDef'^(/) . The following conditions are equivalent: 

a') Tel{An), 
b') i-T = Ri-T, 

c') (P, id) defines an object in the groupoid coDei'ji{E) . 

The functor Def(P) is equivalent to the full subfunctor of coDef'^'(/) consisting of objects 
(P, id) G coDef ^ (/) , where T satisfies a') (or b')) above. 
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Proof. 1) It is clear that a) imphes b) and b) imphes c). We will prove that c) implies a). 
We may and will replace the functor Def(£?) by an equivalent functor Def(P) (Remark 
10.3). 

Since (-S, id) defines an object in Def7e,(P) there exists a quasi-isomorphism g : S ^ S 
where S has property (P) (hence S G ^^{An))-, such that i*g : i*S — > i*S = P is also 
a quasi-isomorphism. Denote Z = i*S . Then Z G P(-4) and hence i*g is a homotopy 
equivalence. Since both S and S are graded 7^ -free, the map g is also a homotopy 
equivalence (Proposition 3.12d)). Thus S G V{A'r,) ■ 

Let us prove the last assertion in 1). 

Fix an object {S,t) G Def7^(P) . Replacing {S,t) by an isomorphic object we may 
and will assume that S satisfies property (P). In particular, S G V{Ati) and S is graded 
n-iiee. This implies that (5, id) G Def^(VF) where W = i*S . We have W G ViA) . The 
quasi-isomorphism t : W ^ S is therefore a homotopy equivalence. By Corollary 8.4a) and 
Proposition 8.5a) there exists an object (5", id) G Def^(P) and a homotopy equivalence 
t' : S ^ S' such that i*(r') = r . This shows that {S,t) is isomorphic (in Def7^(P) ) to 
an object {S',id) G Def^(P) , where S' G V{Atz) ■ 

Let (5, id), (-S",id) G Def^(P) be two objects such that S,S' G V{An) ■ Consider the 
obvious map 

S : Homj3^fh^(p)((5,id), (5',id)) ^ HomDef^(p)((5, id), (5', id)). 

It suffices to show that 6 is bijective. 

Let / : (S", id) (S",id) be an isomorphism in Def7^(P) . Since S,S' G V{A-ti) and 
P G ViA) this isomorphism / is a homotopy equivalence f : S ^ S' such that i* f is 
homotopic to idp . Let h : i* f id be a homotopy. Since S , S' are graded 7^-free 
the map i* : Hom(5, 5') Hom(P, P) is surjective (Proposition 3.12a)). Choose a lift 
h : S ^ S'[l\ of h and replace / by f = f — dh . Then i*f = id. Since S and S' are 
graded 7?. -free / is an isomorphism (Proposition 3.12d)). This shows that S is surjective. 

Let gi,g2 : S ^ S' be two isomorphisms (in ,41^-mod) such that i*gi = i*g2 = idp . 
That is 5i,52 represent morphisms in Def^(P) . Assume that S{gi) = S{g2) , i.e. there 
exists a homotopy s : 51 — > 52 • Then d{i*s) = i*{ds) = 0. Since by our assumption 
i7-^Hom(P,P) = there exists t G Hom^^ (P,P) with dt = i*s. Choose a lift i G 
Hom-2(5, S') of t . Then s := s - di is an allowable homotopy between gi and 52 • This 
proves that 5 is injective and finishes the proof of 1). 

The proof of 2) is very similar, but we present it for completeness. Again it is clear that 
a') implies b') and b') implies c'). We will prove that c') implies a') We may and will replace 
the functor coDef(£^) by an equivalent functor coDef(/) (Remark 10.10). 
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Since (T, id) defines an object in coDef 7^,(7) , there exists a quasi-isomorphism g -.T 
where T has property (I) (hence T G I{An) )> such that vg : I = vT vT is also a 
quasi-isomorphism. Denote K = i T . Then K G 1{A) and hence vg is a homotopy 
equivalence. Since both T and T are graded 7^-cofree, the map g is also a homotopy 
equivalence (Proposition 3.12d)). Thus T G I{An) ■ 

Let us prove the last assertion in 2). 

Fix an object {T,t) G coDef7^(/) . Replacing (T,t) by an isomorphic object we may 
and will assume that T satisfies property (I). In particular, T G I {An) and T is graded 
7^-cofree. This implies that (T, id) G coDef7^(L) where L = vT . We have L G 1{A) and 
hence the quasi-isomorphism t : I ^ L is a homotopy equivalence. By Corollary 8.4a) and 
Proposition 8.5a) there exist an object (T', id) G coDef^(/) and a homotopy equivalence 
t' : T' ^ T such that iW' = r . In particular, T' G I{Atz) ■ This shows that (T, r) is 
isomorphic (in coDef7^(/) ) to an object (r',id) G coDef^(/) where T' G I{An) ■ 

Let (T,id), (r',id) G coDef^(/) be two objects such that T,T' G T{An) ■ Consider the 
obvious map 

^ ■ Hom^^pgf^(^)((r, id), (T',id)) Hom^.oDef7j(/)((r,id), (T',id)). 

It suffices to show that 5 is bijective. 

Let / : (T, id) — > (T',id) be an isomorphism in coDef7^(/) . Since T, T' G I{An) and 
/ G 'I {A) this isomorphism / is a homotopy equivalence f : T —)■ T' such that i'f is 
homotopic to id/. Let h : i'f ^ id be a homotopy. Since T, T' are graded 7?,-cofree 
the map r : Hom(T, T') Hom(/, /) is surjective (Proposition 3.12a)). Choose a lift 
h : T ^ T'[l] of h and replace / by f = f — dh . Then vf = id. Since T and T' are 
graded 7^ -free / is an isomorphism (Proposition 3. 12d)). This shows that 5 is surjective. 

Let 51,52 : r —> r' be two isomorphisms (in ^^-mod) such that rgi = vg2 = id/. 
That is 51,52 represent morphisms in coDef^(/) . Assume that S{gi) = (5(52) , i.e. there 
exists a homotopy s : 51 ^ 52 • Then d{vs) = r{ds) = 0. Since by our assumption 
i7~^Hom(7,7) = there exists t G Hom~^(/, 7) with dt = i's. Choose a lift i G 
Hom~^(r, T') of t . Then s := s — di is an allowable homotopy between 51 and 52 . This 
proves that S is injective. □ 

Remark 11.3. In the situation of Proposition 11.2 using Corollary 8.4b) also obtain full 
and faithful embeddings of functors Def(£^), coDef(i?) in each of the equivalent functors 
Def^(P), coDef''(P), Def^(7), coDef^(7) . 

The next two theorems provide important examples when the functors Def _ and Defli 
(resp. coDef- and coDef^i ) are equivalent. 
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Definition 11.4. An object M G A^-mod is called bounded above (resp. below) if there 
exists i such that M{Ay = for all A E A and all j > i (resp. j <i )■ 

Theorem 11.5. Assume that Ext-^ {E,E) =0. 

a) Suppose that there exists a bounded above P G 'P{A) and a quasi-isomorphism P 
E. Then the functors Def_(i?) and Def^(P) are equivalent. 

b ) Suppose that there exists a bounded below I G I {A) and a quasi-isomorphism E ^ I . 
Then the functors coDef _ {E) and coDef (/) are equivalent. 

Proof. Fix TZ G dgart_ with the maximal ideal ra . 

In both cases it suffices to show that the embedding of groupoids Def7^(ii^) ~ Def7^(P) C 
Def7^(P) (resp. coDei-niE) ~ coDef7^(/) C coDef^(I) ) in Proposition 11.2 is essentially 
surjective. 

a) Choose an object (S', id) G Def^(P) . It suffices to prove the following lemma. 
Lemma 11.6. The DG A^ -module S is acyclic for the functor i* , i.e. \ji*S = i*S . 

Indeed the lemma implies that S defines an object in Def7^(P) . 

Proof. Choose a quasi-isomorphism f : Q ^ S where Q G ViAn) . We need to prove 
that i* f is a quasi-isomorphism. It suffices to prove that n\i*f is a quasi-isomorphism 
(Example 3.13). Recall that irn* = i*Tr\ . Thus it suffices to prove that 7r\f is a homotopy 
equivalence. Clearly m/ is a quasi-isomorphism. The DG 7^° -module mQ is h-projective 
(Example 3.13). We claim that the DG T^'^ -module Tr\S is also h-projective. Indeed, Tr\S 
is bounded above and since TZ G dgart_ this DG 7^° -module has an increasing filtration 
with subquotients being free DG 7?.° -modules. Thus Tr\S satisfies property (P) and hence 
is h-projective. It follows that the quasi-isomorphism mf : mQ — > mS is a homotopy 
equivalence. Hence i*'K\f = f is also such. □ 

b) The following lemma implies that an object in coDef^(/) is also an object in coDef7^(7) , 
which proves the theorem. □ 

Lemma 11.7. Let T G A^-mod be graded cofree and bounded below. Then T is acyclic 
for the functor v , i.e. Ri'T = vT . 

Proof. Denote N = vT E ^°-mod . Choose a quasi-isomorphism g : T ^ J where 
J G T{Ati) ■ We need to prove that rg is a quasi-isomorphism. It suffices to show that 
n^rg is a quasi-isomorphism. Recall that 7r*r = z'tt* . Thus it suffices to prove that Tr*^ 
is a homotopy equivalence. Clearly it is a quasi-isomorphism. 
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Recall that the DG 7?.° -module tt^J is h-injective (Example 3.13) We claim that tt^T is 
also such. Indeed, since 71 G dgart_ the DG TiP -module tt^T has a decreasing filtration 

with 

A direct sum of shifted copies of the DG IZ^ -module TZ* is h-injective (Lemma 3.18). Thus 
each ijT^Ny ®TZ* is h-injective and hence each quotient -k^T/G^ is h-injective. Also 

7r*r = lim7r*r/G^'. 

Therefore tt^T is h-injective by Remark 3.5. 

It follows that TT^.g is a homotopy equivalence, hence also vir^g is such. □ 

The last theorem allows us to compare the functors Def _ and coDef _ in some important 
special cases. Namely we have the following corollary. 

Corollary 11.8. Assume that 

a) Ext-\E,E) = 0; 

b) there exists a bounded above P € V{A) and a quasi-isomorphism P ^ E ; 

c ) there exists a hounded below I G 1{A) and a quasi-isomorphism E ^ I . 
Then the functors Def_(-E) and coDef_(i?) are equivalent. 

Proof. Wc have a quasi-isomorphism P ^ I . Hence by Proposition 8.3 the DG algebras 
End(P) and End(/) arc quasi- isomoprhic. Therefore, in particular, the functors Def'i(P) 
and coDef!i(/) are equivalent (Corollary 8.4b)). It remains to apply the last theorem. □ 

In practice in order to find the required bounded resolutions one might need to pass to 
a "smaller" DG category. So it is useful to have the following stronger corollary. 

Corollary 11.9. Let F : A ^ A' he a DG functor which induces a quasi- equivalence 
^pre-tr . ^pre-tr _^ y^/prc-tr _ Consider the corresponding equivalence F^ : D{A') — > D{A) 
(Corollary 3.15). Let E G A'^-mod he such that 

a) Ext-\E,E) = 0; 

b) there exists a bounded above P G ViA) and a quasi-isomorphism P — > F^{E) ; 

c) there exists a bounded below L G liA) and a quasi-isomorphism F^fiyE) — > I . 
Then the functors Def_(£') and coDef_(i?) are equivalent. 

Proof. By the above corollary the functors Y)el-{F^{E)) and coDcf_(F*(£^)) are equiva- 
lent. By Proposition 10.4 the functors Def_(£^) and Def _ (i^* (£') ) are equivalent. Since 
the functor RF' : D{A) D{A!) is also an equivalence, we conclude that the functors 
coDef_(£^) and coDef_(F*(£^)) areequivalentbyPropositionlO.il. □ 
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Example 11.10. If in the above corollary the DG category A' is pre-triangulated, then one 
can take for A a full DG subcategory of A' such that Ho(^') is generated as a triangulated 
category by the subcategory Ho(^) . One can often choose A to have one object. 

Theorem 11.11. Assume that Ex.t-^ {E,E) = . Let E ^ J be a quasi-isomorphism with 
J € I (A) . Suppose that there exists a bounded below P G ^{A) and a quasi-isomorphism 
P^E. Then 

a) the functors coDef_(£?) and coDef!i(J) are equivalent; 

b ) the functors coDef _ {E) and coDef (P) are equivalent. 

Proof. We may replace the functor coDef_(£J) by an equivalent functor coDef_(J) or 
coDef_(P) . 

Consider the quasi-isomorphism f : P J . Given {T,id) G coDef^(J) by Corollary 
8.4b) and Proposition 8.5b) there exists (5*, id) G coDef^(P) and a quasi-isomorphism 
f : S which lifts / , i.e. rf = f. By Lemma 11.7 we have TlrS = i S . Hence also 

Hi T = i T . Therefore the functors coDef_(J) and coDef'i(J) can be identified by part 2) 
of Proposition 11.2. This proves a). Now b) follows from a) and the canonical equivalence 
of functors coDef'i(P) ~ coDef^(J) (Corollary 7.5b)). □ 

11.1. Relation between functors Def_(£;) , coDef_(£;) and Def_(C), coDef_(C) . 
The next proposition follows immediately from our previous results. 

Proposition 11.12. Let A be a DG category and E G AP-mod. Assume that 

a) Ext^'^ {E,E) = 0; 

b) there exists a quasi-isomorphism F ^ E with F G V{A) or a quasi-isomorphism 
E ^ F with F G 1^{A) such that F is bounded below (resp. there exists a quasi- 
isomorphism F ^ E with F G V{A) bounded above); 

c) there exists a bounded below (resp. bounded above) DG algebra C which is quasi- 
isomorphic to End(F) . 

Then the functors coDef_(£^) and coDef_(C) (resp. functors Def_(£') and Def_(C) ) 
are equivalent. 

Proof. By Theorem 11.5, 11.11b) above we have the following equivalences of functors 
coDef_(^) ~ coDef^i(F) , coDcf_(C) ~ coDcf'i(C) (resp. Dei^{E) ~ Dcf^_i(F) , Def_(C) ~ 
Def'i(C) ). By Example 6.3 and Theorem 8.1 there arc the equivalences coDef^(C) ~ 
coDef'i(F) , Def'i(C) ~ Defi!.(F) . This proves the proposition. □ 
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Remark 11.13. The equivalences of functors coDef'i(C) ~ coDef^(F) , Bef^{C) ~ Def'i(F) 
in the end of the proof of last proposition can be made explicit. Put B = End(F) . As- 
sume, for example, that ip : C ^ B is a homomorphism of DG algebras which is a quasi- 
isomorphism. Then the composition of DG functors (Propositions 9.2,9.4) 

S^-V* -.C^-mod^ A^-mod 
induces equivalences of functors 

Def''(E^ ■ V*) : Def''(C) ~ Def^(F) 
coDef^(S^ • V*) : coDef^(C) ~ coDef''(F) 
by Propositions 9.2e) and 9.4f). 

Part 3. Pro-representability 

12. COALGEBRAS AND THE BAR CONSTRUCTION 

12.1. Coalgebras and comodules. We will consider DG coalgebras. For a DG coalgebra 
Q we denote by the corresponding graded coalgebra obtained from Q by forgetting 
the differential. Recall that if ^ is a DG coalgebra, then its graded dual Q* is naturally a 
DG algebra. Also given a finite dimensional DG algebra B its dual B* is a DG coalgebra. 

A morphism of DG coalgebras k ^ Q (resp. Q ^ k) \s called a co-augmentation (resp. 
a co-unit) of Q if it satisfies some obvious compatibility condition. We denote by Q the 
cokernel of the co-augmentation map. 

Denote by the kernel of the n-th iterate of the co-multiplication map A" : Q 
q'^^ . The DG coalgebra Q is called co-complete if 

n>2 

A Q -comodule means a left DG comodule over Q . 

A Q^^ -comodule is free if it is isomorphic to Q with the obvious comodule structure 
for some graded vector space V . 

Denote by the DG coalgebra with the opposite co-multiplication. 

Let g : TC ^ Q be a homomophism of DG coalgebras. Then is a DG Q -comodule 
with the co-action g ^ 1 ■ A-^ : Ti. Q ^ TC and a DG -comodule with the co-action 

i(S)g-A'H:n^n(S)g. 

Let M and A/" be a right and left DG Q -comodules respectively. Their cotensor product 
MDgN is defined as the kernel of the map 

AM®l-l<S)AAr:M(8)Ar^M(g)^(8)Ar, 
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where Am : M ^ M ®Q and Aj^ : N ^ Q N are the co-action maps. 

A DG coalgebra ^ is a left and right DG comodule over itself. Given a DG Q -comodule 
M the co-action morphism M ^ Q ® M induces an isomorphism M = MOgQ . Similarly 
for DG -modules. 

Definition 12.1. The dual TZ* of an artinian DG algebra TZ is called an artinian DG 
coalgebra. 

Given an artinian DG algebra TZ , its augmentation IZ ^ k induces the co-augmentation 
k TZ* and its unit k —>7Z induces the co-unit TZ* — > k . 

12.2. From comodules to modules. If P is a DG comodule over a DG coalgebra Q , 
then P is naturally a DG module over the DG algebra {g*f . Namely, the {g*f -module 
structure is defined as the composition 

where T:g®P^P®g is the transposition map. 

Similarly, if Q is a DG g^ -comodule, then P is a DG module over g* . 

Let P and Q be a left and right DG g -comodules respectively. Then P ®Q is a DG 
g* -bimodule, i.e. a DG g* ® g*^ -module by the above construction. Note that its center 

Z{P ®Q) := {x P ®Q \ ax = (-l)"^xa for all a G g*} 

is isomorphic to the cotensor product Q\IigP . 

12.3. Twisting cochains and the bar construction. Let ^ be a DG coalgebra and 
C be a DG algebra. Recall that the complex Homfe(^,C) is a DG algebra under the 
convolution. That is for /, 5 G Homfe(^,C) their product is the composition 

ghg^gf^^C^C^C, 

where A and /x denote co-multiplication and multiplication in g and C respectively. 

Definition 12.2. The elements of the Maurer-Cartan cone MC(Homfc(^?, C)) are called 
twisting cochains. Suppose that C is augm,ented and g is co-augmented. Then a twisting 
cochain r G MC(H.onik{g,C)) is called admissible if it comes from a twisting cochain in 
Homfe(^,C). 

Example 12.3. Suppose in the above definition that g is concentrated in nonnegative 
degrees. Then a twisting cochain in MC(Homfc(^, C)) which comes from a twisting cochain 
in Homfe(^,C) is automatically admissible (for degree reasons). 
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Let T G MC(Homj.(^,C)) . If f : H ^ G is a homomorphism of DG coalgebras (resp. 
g : C ^ V is & homomorphism of DG algebras), then r/ G MC(Homjfc('H,C)) (resp. 
gTeMC{liomk{g,V))). 

Note that the identity map id : }lom.k{Q,C) Homjfc(^'^,C°) is an isomorphism of the 
DG algebra Homfc(C?,C) with the DG algebra Homfe(gO,C°)° . Hence r G MC(Homfe(g,C)) 
if and only if -r G MC(Homfe(^o, C^)) . 

Definition 12.4. Let C be an augmented DG algebra with the augmentation ideal C . We 
denote by BC its bar construction, which is a DG coalgebra. Recall that as a coalgebra BC 
is the tensor coalgebra on the graded vector space C[l] . Denote by S = {BC)* the dual DG 
algebra. 

The DG coalgebra BC is co-augmented and co-complete. Hence the DG algebra S is 
an augmented complete local DG algebra. BC is the union of its finite dimensional DG 
subcoalgebras. Hence S is the inverse limit of its finite dimensional quotients. Note that 
any finite dimensional quotient of S is an artinian DG algebra, hence 5 is a pro-object 
in the category dgart . It follows that any finite dimensional DG subcoalgebra of BC is 
artinian (i.e. its dual is an artinian DG algebra). 

The following lemma is from [Le]. 

Lemma 12.5. Let C be an augmented DG algebra. Then the composition tq of the pro- 
jection with BC C[l\ with the (shifted) embedding C ^ C is the universal admissible 
twisting cochain for C . That is given a co-augmented DG coalgebra Q and an admissible 
twisting cochain t : Q ^ C there exists a unique morphism g^- : Q ^ BC of DG coalgebras 
such that Tc ■ gr = t. 

12.4. Prom modules to comodules. Let r G MC(Homk{g,C)) be a twisting cochain 
and M be a DG C -module. Consider the free G^'^ -comodule Q ^ M with the differential 
dr = dg 1^ 1 1 dM + tr , where tr is the composition 

Here A is the comultiplication in g and is the C -module structure of M . Then 
= and ^(8)M with the differential dr isaDG ^-comodule. Hence by the construction 

in (12.2) it is a DG (^*)° -module. To stress the role of r we will sometimes denote this 

DG module by g ®r M . 

Similarly, if is a DG C*^ -module, then using — r G MC(Homfc(t/, C)) we obtain a 

structure of a DG g^ -comodule (hence of a DG g* -module by 12.1) on N ®g . We denote 

the resulting DG module by N 0r g ■ 
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Example 12.6. Put M = C . Then the Q -comodule (or the {Q*)^ -module) structure on 
Q ®rC commutes with the right multiplication on C . Thus Q ^t-C is a DG {C (8> ^*)° - 
module. Similarly, C ®tQ is a DG C ®Q* -module. 

Let f ■ Ti. ^ Q be a homomorphism of DG coalgebras and r € MC{iiomk[Q,C)) . Then 
there are natural isomorphisms of DG C - and {C 7Y*)° -modules respectively 

C^rfT-Co^ {C ®r G)Ogn, H ®rf C nOgiQ ®^ C). 

12.5. The bar complex. 

Definition 12.7. Let C be an augmented DG algebra, Q = BC and tc ■ BC C be 

the canonical (universal) twisting cochain. The resulting DG {C ® S)^ -module BC (8) C = 
BC C called the bar complex of C . It is quasi-isomorphic to k . Similarly, if we 
consider C as a DG C° -module then we obtain a DG C (8> S -module C <Sitc , which is 
also quasi-isomorphic to k . 

12.6. Deformations and the bar complex. 

Lemma 12.8. Let C be a DG algebra and TZ a finite dimensional DG algebra. Then the 
DG algebras C®TZ and Homjt(7^*,C) are naturally isomorphic. 

Proof. The isomorphism 9 -.C Homfc(7?.*, C) is given by the formula 

^(c®r)(/) = (-l/V(r) 

iov f en* , ceC , r en. □ 

Remark 12.9. Assume that in the above lemma the DG algebra n is artinian with the 
maximal ideal man. Note that under the isomorphism of this lemma the ideal C®m is 
mapped to the ideal Hom^ (m*,C) . Thus in particular there is a natural bijection between 
the set MC{C ®m) and the collection of twisting cochains in Homjt(m*,C) . 

Remark 12.10. Assume in the above remark that the DG algebra C is augmented and 
that n e dgart_ (hence n* is concentrated in nonnegative degrees). Then elements of 
MC{C m) are in bijection with the set of admissible twisting cochains in Homfc(7?.*, C) . 

12.6.1. Let C be an augmented DG algebra, n an artinian DG algebra with the maximal 
ideal m. Let r € Hom^ (??.*, C) be an admissible twisting cochain and n* (8)t C be the 
corresponding DG (C (8" n)^ -module. 

Let a e MC{C ® m) be the element corresponding to r by Remark 12.9 and denote by 
C ®oi n* the corresponding object in the groupoid coDef^(C) . Thus in particular C ®a n* 
is a DG (C ® -module. 
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Lemma 12.11. The DG [Tl ® -modules TZ*®tC and C ^oc^^* are isomorphic. 
Proof. The isomorphism is simply the transposition of the two factors. □ 

In the above notation consider the homomorphism of DG coalgebras g^- : TZ* BC 
induced by r as in Lemma 12.3. This induces a homomorphism of the dual DG algebras 
g* : S TZ . Thus in particular TZ becomes a DG -module. Notice that this -module 
structure on TZ coincides with the one coming from the homomorphism g^- : TZ* BC by 
the construction in 12.2 and the identification TZ = TZ** . 

Consider the bar complex BC(^C (which is a DG {C(^S)^ -module) and the DG {C®TZ)^ - 
module Hom^o('^! BC ® C). 

Lemma 12.12. The DG {C®TZ)^ -modules Horn. ^o{TZ,BC®C) andTZ*®rC are isomorphic. 
Proof. Indeed, by 12.4 and 12.2 we have the isomorphisms of DG (C (g) 7^)° -modules 

TZ*(^rC = TZ*Ubc{BC ®C) = Z{TZ* O {BC (g) C)), 

where Z{TZ* ® {BC ® C)) is the center of the S ® -module TZ* ® {BC ® C) . Now, given 
a DG (C (8) S)^ -module M , there is an isomorphism of DG {C ® TZ)^ -modules 

9 : Z{TZ* M) ^ Hom^o(7^, M) 

defined by 9{f m){r) = {-lY^f{r)m . □ 

Later on we will use the following corollary. 

Corollary 12.13. Let C be an augmented DG algebra. Then for every object (T, id) G 
coDef^(C) th ere exists a hom,om,orphism of DG algebra S ^ TZ and an isomorphism of 
DG {C ® TZf -modules T = Hom^o(^, BC®C). 

Proof. This follows from the last two lemmas. □ 
13. Some functors defined by the bar complex 

Definition 13.1. An augmented DG algebra C is called admissible if 

a) it is nonnegative, i.e = for i < ; 

b) it is connected, i.e C^ = k ; 

c) and it is locally finite, i.e. dim^C* < oo for all i . 
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13.1. The functor A. Fix an augmented DG algebra C. Consider the bar construc- 
tion BC , the corresponding DG algebra S = {BCf and the DG {S ® Cf -module EC (2> 
C = BC C (the bar complex). If C is connected and nonnegative, then BC is concen- 
trated in nonnegative degrees and consequently S is concentrated in nonpositive degrees. 

Denote by Df{S) C D{S) the full triangulated subcategory consisting of DG modules 
with finite dimensional cohomology. 

Lemma 13.2. Assume that the DG algebra C is connected and nonnegative. Then the 
category Df{S) is the triangulated envelope of the DG S'^ -module k. 

Proof. Denote by (k) C D{S) the triangulated envelope of k . By our assumption the DG 
algebra S is concentrated in nonpositive degrees. 

Let M be a DG 5" -module with finite dimensional cohomology. First assume that M 
is concentrated in one degree. Then dim M < oo . Since S'^'' is a local algebra the module 
M has a filtration with subquotients isomorphic to k . Thus M & (k) . 

In the general case by Lemma 3.19 we may and will assume that = for \i\ >> . 
Let s be the least integer such that ^ . The kernel K of the differential d : 
M*+^ is a DG -submodule. By the above argument K e (k) . If if 7^ then by 
induction on the dimension of the cohomology we obtain that M/K G (k) . Hence also 
M e (k) . If K = 0, then the DG 5° -submodule r<s+iM (Lemma 3.19) is acyclic, and 
hence M is quasi-isomorphic to t>s+iM . But we may assume that t>s+iM G (k) by 
descending induction on s . □ 

Choose a quasi-isomorphism of DG 5° -modules BC ® C ^ J , where J satisfies the 
property (I) (hence is h-injective). 

Consider the contravariant DG functor A : S^-mod C°-mod defined by 

A(M) :=Hom^o(M, J) 

This functor extends trivially to derived categories A : D{S) D{C) . 

Theorem 13.3. Assume that the DG algebra C is admissible. Then 

a) The contravariant functor A is full and faithful on the category Df{S) . 

b) A(fc) is isomorphic to C. 

Proof. By Lemma 13.2 the category Df{S) is the triangulated envelope of the DG - 
module k . So for the first statement of the theorem it suffices to prove that the map 
A : Ext^o(^, k) Extco(A(A;), A{k)) is an isomorphism. The following proposition implies 
the theorem. 

Proposition 13.4. Under the assumptions of the above theorem the following holds. 
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a) The complex RHom^o(^)^) is quasi-isomorphic to C . 

b) The natural morphism of complexes Ilom^o{k, BC (8) C) — > Hom^o(^)«^) is a quasi- 
isomorphism. 

c) A (A;) is quasi-isomorphic to C . 

d) A : Extgo{k,k) — > Extco(A(A;), A(/u)) is an anti-isomorphism. 

Proof a) Recall the DG S C -module C ^ BC = C <^rc BC (Definition 12.7). Consider 
the corresponding DG {S (8) C)^ -module P := Homjfc(C (g) BC, k) . Since C is locally finite 
and bounded below and BC is bounded below the graded -module P^^ is isomorphic to 
{§ (g) Homjfc(C, k))^^ . Since the complex Homfc(C, k) is bounded above and the DG algebra 
S is concentrated in nonnegative degrees the DG -module P has the property (P) (and 
hence is h-projective). Thus HHom go {k,k) = Hom^o(-P, A;) = Homfe(Homfe(C, A;), A;) = C° . 
This proves a). 

b) : Since ilom.^o{k,BC 0) = C the assertion follows from a). 

c) follows from b). 

d) follows from a) and c). □ 

This proves the theorem. □ 

Remark 13.5. Notice that for any augmented DG algebra C we have Ilom^o{k, BC (8> 
C) = C. Thus the DG {C ® Sf -module is a "homotopy S -co- deformation" of C . The 
Proposition 13.4 implies that for an admissible C this DG {C (g S)^ -module is a "derived 
S -co-deformation" of C . (Of course we have only defined co-deformations along artinian 
DG algebras.) 

13.2. The functor V . Now we define another functor V : D{S) D{C) , which is closely 
related to A . 

Denote by m the augmentation ideal of S . For a DG 5° -module M denote M„ := 
M/mJ'M and 

M = limM„. 

n 

Fix a DG -module N . Choose a quasi-isomorphism P ^ N with an h-projective P . 
Define 

V(iV) := limA(P„) = limHom^o(^n, J)- 

Denote by Perf(S') C D{S) the full triangulated subcategory which is generated by the 
DG 5° -module S. 

Theorem 13.6. Assume that the DG algebra C is admissible and finite dimensional. Then 
a) The contravariant functor V : D{S) D{C) is full and faithful on the subcategory 
Perf(5) . 
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b) V{S) is isomorphic to k. 

Proof. Denote by m C 5*^ the maximal ideal and put Sn ■= S^/m'^S^ . Since the DG 
algebra C is finite dimensional >S'„ is also finite dimensional for all n . We need a few 
lemmas. 

Lemma 13.7. Let K be a DG -module such that dim^iir < oo . Then the natural 
morphism of complexes 

Hom^o(-?^, BC^C)^ Hom^o(i^, J) 

is a quasi-isomorphism. 

Proof. Notice that since the algebra S is local, every element x £ m acts on as a 
nilpotent operator. Hence in particular mP'K = for n >> 0. For the same reason the 
DG -module K has a filtration with subquotients isomorphic to k . Thus we may prove 
the assertion by induction on dimi^ . If K = k , then this is part b) of Proposition 13.4. 
Otherwise we can find a short exact sequence of DG -modules 

such that dim M, dim N < dim K . 
Sublemma. The sequence of complexes 

Hom^o(iV, BC^C)^ Hom^o(i^, BC^C)^ Hom^o(M, BC(g)C) ^0 

is exact. 

Proof. We only need to prove the surjectivity of the map 

Hom ^0 {K,BC(g)C) ^ Hom {M,BC®C). 

Let n » be such that m'^K = m"-M = . Let n{BC ® C) C {EC ® C) denote the 
DG S"*^ -submodule consisting of elements x such that m^x = 0. Then n{BC C) is a 
DG Sn -module and Honi^()(i^, BC ^C) = }loins„{K , n{BC ^ C)) and similarly for M . 

Note that „(-BC ® C) as a graded Sn -module is isomorphic to 5 * (8> C , hence is a finite 
direct sum of shifted copies of the injective graded module S* . Hence the above map of 
complexes is surjective. □ 

Now we can prove the lemma. 

Consider the commutative diagram of complexes 

}iora§o{N,BC(SiC) }iom§o{K, BC ^ C) Rom^o{M, BC C) 

ia i/3 i7 

Ilomgo{N,J) -> ^om.go{K,J) Hom^o(M,J) ^ 0, 
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where the bottom row is exact since J^^ is an injective graded 5° -module (because J 
satisfies property (I)). By the induction assumption a and 7 are quasi-isomorphisms. 
Hence also (3 is such. □ 

We are ready to prove the theorem. 

It follows from Lemma 13.6 that V(iS') is quasi-isomorphic to 

\\m.Yiom.^o{Sn,BC®C) = limHom5„(5n, n(5C ® C)) = lim(„(5C O C)) = BC(gC. 
This proves the second assertion. The first one follows from the next lemma. 

Lemma 13.8. For any augmented DG algebra C the complex RB.om(^o {k,k) is quasi- 
isomorphic to S . 

Proof. Note that the DG C*^ -module BC ® C has the property (P). Hence 
RHomco(fc,fe) = }lomco{BC(S)C,k) = Homfe(SC,fe) = S. 

□ 

This proves the theorem. □ 
13.3. The functor . Finally consider the covariant functor ^ : D{S^) D{C) defined 

by 

■^{M) := (BC^C) % M. 



Theorem 13.9. For any augmented DG algebra C the following holds. 

a) The functor is full and faithful on the subcategory Perf(S') . 

b) ^{S) = k 

Proof, b) is obvious and a) follows from Lemma 13.8 above. □ 

14. Pro-representability of the co-deformation functor 

14.1. The 2-category 2-dgalg and deformation functor coDEF . 

Definition 14.1. We define the 2-category 2-dgalg of DG algebras as follows. The ob- 
jects are augmented DG algebras. For DG algebras B,C the collection of 1-morphisms 
l-Hom(H, C) consists of pairs {M,6) , where 

• Me D{B (2> C°) is such that there exists an isomorphism (in D{C^) ) C —> u^M 
(where i/* : D{B<SiC^) — ^ D{C^) is the functor of restriction of scalars corresponding 
to the natural homomorphism v : C ^ ®C ); 

L 

• and 9 : k®c^ k is an isomorphism in D(B) . 
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The composition of l-morphisms 

l-Hom(S,C) X l-Hom(C,r') l-Hom(i3,P) 

L 

is defined by the tensor product • (SJc ' • Given l-morphisms (Mi, 6i), (M2, 62) € l-Hom(;B,C) 

a 2-morphism, f : (Mi, 61) — > (Af2,f?2) ^'-^ m isomorphism, (in D{B ® C^) ) f : M2 Mi 

L 

(not from Mi to M2 !) such that Q\ ■ k^cif) = 6*2 • So in particular the category 

1- Hom(;B,C) is a groupoid. Denote by 2-dgart the full 2-subcategory of 2-dgalg con- 
sisting of artinian DG algebras. Similarly we define the full 2- subcategories 2-dgart_|_, 

2- dgart_, 2-art, 2-cart (Definition 2.3). 

Remark 14.2. Assume that augmented DG algebras B and C are such that = C = 
for i > and dim jB* , dim C* < oo for all i . Denote by {k) C D{B 0C^) the triangulated 
envelope of the DG B'^^C -module k . Let {M,e) G l-Hom(;B,C) . Then by Gorollary 3.22 
M e{k). 

For any DG algebra B we obtain a 2-functor Hb between the 2-categories 2- dgalg and 
Gpd defined by hB{C) = l-Hom(B,C) . 

Note that a usual homomorphism of augmented DG algebras j : B ^ C defines the 
structure of a DG B^ -module on C with the canonical isomorphism of DG B^ -modules 

L 

id : k®cC k . Thus it defines a 1-morphism (C,id) G l-Hom(jB,C) . This way we get a 
2-functor JT : adgalg — > 2- dgalg , which is the identity on objects. 

Lemma 14.3. Assume that augmented DG algebras B and C are concentrated in degree 
zero (hence have zero differential). Then 

a) the map T : Hom(iB,C) — > 7ro(l-Hom(H, C)) is surjective, i.e. every 1-morphism from 
B to C is isomorphic to J^i'f) for a homomorphism of algebras 7 ; 

b) the l-morphisms J^iji) and ^(72) are isomorphic if and only if 72 is the composition 
of 71 with the conjugation by an invertible element in C ; 

c) in particular, if C is commutative then the map of sets !F : Hom(0,C) — >■ 7ro(l-Hom(;B,C)) 
is a bisection. 

Proof, a) For any (M, Q) G 1- Hom(H, C) the DG B'^ ® C -module M is isomorphic (in 
D{B ® C^) to H^{M) . Thus we may assume that M is concentrated in degree 0. By as- 
sumption there exists an isomorphism of C -modules C ^ M . Multiplying this isomorphism 

L 

by a scalar wc may assume that it is compatible with the isomorphisms id : k®cC k 

L 

and 9 : k^cM —^k.A choice of such an isomorphism defines a homomorphism of algebras 
B° Endc(C) = C° . Thus (M, 6) is isomorphism to T^j) . 

b) Let 71,72 : S ^ C be homomorphisms of algebras. A 2-morphism / : ^^(71) -^(72) 
is simply an isomorphism of the corresponding ^B'^ (8) C -modules f : C —>■ C , which commutes 
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with the augmentation. Being an isomorphism of C -modules it is the right multiphcation 
by an invertible element c G C . Hence for every b G B we have c~^7i(6)c = 72(?') • 

c) This follows from a) and b). □ 

Remark 14.4. // in the definition of 1-morphisms l-Hom(;B,C) we do not fix an iso- 
morphism 6 , then we obtain a special case of a " quasi- functor" between the DG categories 
B-mod and C-mod. This notion was first introduced by Keller in [KeJ for DG modules over 
general DG categories. 

The next proposition asserts that the deformation functor coDef has a natural "lift" to 
the 2-category 2- dgart . 

Proposition 14.5. There exist a 2-functor coDEF(£^) from 2- dgart to Grp and an 
equivalence of 2-functors c6Dei{E) c± coDEF(£?) ■ . For an artinian DG algebra TZ the 
groupoids coDef7^(£') and coDEF-ji^E) ) are isomorphic. 

Proof. Given artinian DG algebras 7?., Q and M = {M,6) G l-Hom(7?., Q) we need to 
define the corresponding functor 

M- : coBein{E) coBeigiE). 

Let S = {S, a) G coBefn{E) . Put 

M-{S) := RHom^o(M,S) e D{Aq). 

Weclaimthat M'{S) defines an object in coDefQ(£^) , i.e. TZ'HomQo{k,M'{S)) is naturally 
isomorphic to E (by the isomorphisms 9 and a). 

Indeed, choose quasi-isomorphisms P ^ k and S ^ I for P E V{Aq) and / G liAn) . 
Then 

RRomQo{k,M-{S)) = HomQo(P,Hom7jo(M,/)). 
By Lemma 3.17 the last term is equal to HoianiP ®qM,I) . Now the isomorphism 

L 

defines an isomorphism between P ®q M = k 0q M and k , and we compose it with the 
isomorphism a : E ^ RHom7^(A;, /) = rS . 

So M' is a functor from coDef7e(£') to coDefQ(£') . 

Given another artinian DG algebra Q' and M' G l-Hom(Q, Q') there is a natural 
isomorphism of functors 

(M' dg M)'(-) ~ M'- ■ M'(-). 

(This follows again from Lemma 3.17). 

Also a 2-morphism / G 2-Hom(M, Mi) between objects M,Mi G l-Hom(7?., Q) induces 
an isomorphism of the corresponding functors M' ^ M\ . 
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Thus we obtain a 2-functor coDEF(£;) : 2-dgart Gpd , such that coDEF(£;) • = 
coDef (£;) . □ 

We denote by coDEF+(E) , coDEF_(£;) , coDEFart(£^) , coDEFci(£;) the restriction of 
the functor coDEF(£^) to subcategories 2-dgart_j_, 2-dgart_, 2- art and 2- cart respec- 
tively. 

The next result is the analogue of Proposition 11.12 for the functor coDEF_ . 

Proposition 14.6. Let E € A^-mod. Assume that 

a) Ext\E,E) =0 for i <0 and Ext^{E,E) = k ; 

b) there exists a quasi-isomorphism F E with F G ViA) or a quasi-isomorphism 
E ^ F with F € I{A) such that F is bounded below. 

Then for any DG algebra C which is bounded below and quasi-isomorphic to End(F) 
the functors coDEF_(C) and coDEF_(£^) are equivalent. 

Proof. If DG algebras C and End(F) are quasi-isomorphic, then there exists a DG algebra 
D and homomorphisms of DG algebras (j) : T> ^ C and ip : T) ^ End(F) which are 
quasi-isomorphisms. By Lemma 9.5 we may assume that T> is also bounded below. We 
will prove that the homomorphism ip induces an equivalence of functors coDEF_(X') and 
coDEF_(F) . The same argument proves that the homomorphism (p induces an equivalence 
of functors coDEF_(I)) and coDEF_(C) . Thus we may and will assume that C = V . 
Consider the DG functor 

/: := • V* : C°-mod ^ ^°-mod, C{N) = N F 

as in Remark 11.13. It induces the equivalence of functors 

coDef^(£) : coDef!i(C) ^ coDef^(F). 

For every artinian DG algebra TZ G dgart_ the corresponding DG functor 

-mod 

induces the equivalence of groupoids coDef^(C) ^ coDef^(F) (Propositions 9.2,9.4). By 
Theorems 11.5b) and 11.11b) there are natural equivalences of functors 

coDef (F) ~ coDef _ {E) , coDef !i (C) ~ coDef _ (C) . 

Hence the functor L£ induces the equivalence 

LC : coDef_(C) ^ coDef_(£;). 
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Fix 7?., Q G 2- dgart_ and Mel- Hoin(7?., Q) . We need to show that there exists an 
isomorphism between functors from coDef7^(C) to coDefQ(£') 

Since the cohomology of M is finite dimensional, and the DG algebra TZ ® Q has 
no components in positive degrees, by Corollary 3.21 we may assume that M is finite 
dimensional. 

Lemma 14.7. Let (S, id) he an object in coDef^(C) or in coDef^(F) . Then S is acyclic 
for the functor M- , i.e. M\S) = Hom7^o(M, S) . 

Proof. In the proof of Lemma 11.7 we showed that S is h-injective when considered as a 
DG 7^° -module. □ 

Choose (5, id) G coDef^(C) . By the above lemma M-{S) = Hom7^o(M,5) . 

We claim that the DG C° -module HomT^o (M, S) is h-projective. Indeed, first notice that 
the graded TZ^ -module S is injective being isomorphic to a direct sum of copies of shifted 
graded TZ^ -module TZ* (the abelian category of graded TZ^ -modules is locally notherian, 
hence a direct sum of injectives is injective). Second, the DG 7?.° -module M has a (finite) 
filtration with subquotients isomorphic to k . Thus the DG C° -module Homy^o (M, S) has 
a filtration with subquotients isomorphic to }lom-j^o{k, S) = rS C . So it has property 

(P)- 

Hence LL ■ M-{S) = BomT^o {M,S) ®e F ■ For the same reasons M' • l^Cn{S) = 
HomT^o (P, 5 -F) . The isomorphism 

HomT^o (M, 5) (g)c -P = Hom7j,o (M, S ®c F) 

follows from the fact that 5 as a graded module is a tensor product of graded and TZ^ 
modules and also because dimj. M < oo . □ 

14.2. The 2-category 2'- dgalg and deformation functor DEF . It turns out that 
the deformation functor Def lifts naturally to a different version of a 2-category of DG 
algebras. We denote this 2-category 2'- dgalg . It difi^ers from 2- dgalg in two respects: the 
1-morphisms are objects in D{B^ ® C) (instead of D(6® C°) ) and 2-morphisms go in the 
opposite direction. 

Definition 14.8. We define the 2-category 2' -dgalg of DG algebras as follows. The objects 
are DG algebras. For DG algebras B,C the collection of 1-morphisms l-Hom(0,C) consists 
of pairs (M, 9) , where 
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• Me D{B^ (8) C) and there exists an isomorphism (in D{C) ) 9 : C ^ v^M (where 

: D(& (8) C) — > -D(C) is the functor of restriction of scalars corresponding to the 
natural homomorphism v : ^ B ); 

• and 9 : M®ck k is an isomorphism in D{B^) . 
The composition of 1-morphisms 

l-Hom(e,C) X l-Hom(C,X>) ^ l-Hom(^,D) 

L 

is defined by the tensor product ■ ■ ■ Given 1-morphisms (Mi,f?i), (M2,^2) G l-Hom(;S,C) 
a 2-morphism, f : (Mi,^i) —>■ (M2,^2) is an isomorphism (in D(B^ ® C) ) f : Mi — > M2 

L 

such that 9i = 62 ■ {f )®ck ■ So in particular the category l-Hom(B,C) is a groupoid. 
Denote by 2'-dgart the full 2-subcategory of 2'-dgalg consisting of artinian DG algebras. 
Similarly we define the full 2- subcategories 2'-dgart_|_ , 2'-dgart_, 2'- art, 2'- cart (Defi- 
nition 2.3). 

Remark 14.9. The exact analogue of Remark 14-2 holds for the category 2'-dgalg . 

For any DG algebra B we obtain a 2-functor h^ between the 2-categories 2'- dgalg and 
Gpd defined by = l-Hom(H,C) . 

Note that a usual homomorphism of DG algebras j : B ^ C defines the structure of a 

L 

H -module on C with the canonical isomorphism of DG 5 -modules C(8)c^ ■ Thus it defines 
a 1-morphism (C, id) G 1- Hom(B, C) . This way we get a 2-functor J^' : adgalg — 2'- dgalg , 
which is the identity on objects. 

Remark 14.10. The precise analogue of Lemma 14-3 holds for the 2-category 2'- dgalg 
and the functor J-'' . 

Proposition 14.11. There exist a 2-functor DEF(£') from 2'-dgart to Grp and an equiv- 
alence of 2-functors Def (i?) ~ DEF{E) ■ T' . For an artinian DG algebra TZ the groupoids 
DeiTi{E) and DEFti(E) are isomorphic. 

Proof. Let TZ, Q he artinian DG algebras. Given (M, 9) G 1- Hom(7?., Q) we define the 
corresponding functor 

M* : DeifiiE) DefQ(E) 

as follows 

M*{S) ■.= S^nM 
for {S, a) G Def'jz{E) . Then we have the canonical isomorphism 

M*{S) ®Qk = S^n{M%Qk) ^ S^nk ^ E. 
So that M*(5) G DefQ(E) indeed. 
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Given another artinian DG algebra Q' and M' G 1- Hom((5, Q') there is a natural 
isomorphism of functors 

M'* -M* = {MhQM')*. 

Also a 2-morphism / G 2-Hom(M, Mi) between M,Mi G l-Hom(7?., Q) induces an iso- 
morphism of corresponding functors M* . 

Thus we obtain a 2-functor DEF(E) : 2'-dgart Gpd , such that DEF(E) • JT' = 
Def (E) . □ 

We denote by DEF+(£') , DEF_(£') , DEFart(-E) , DEFci(£;) the restriction of the func- 
tor DEF(£^) to subcategories 2'-dgart+, 2'-dgart_, 2'- art and 2'- cart respectively. 
The next proposition is the analogue of Proposition 14.6 for the functor DEF_ . 

Proposition 14.12. Let E G J^-mod. Assume that 
a) Ext"^(^,^) = 0; 

h) there exists a quasi-isomorphism F E with F G V{A) bounded above; 
Then a homomorphism of DG algebras : C ^ End(F) , such that C is bounded 
above and is a quasi-isomorphism, induces an equivalence of functors DEF_(£') and 

DEF_(c) 

Proof. The proof is exactly parallel to the proof of Proposition 13.6. We omit it. □ 
14.3. Pro-representability theorem. 

Theorem 14.13. Let C be an admissible DG algebra (Definition 13.1). Then the functor 
coDEF_(C) is pro-representable by the DG algebra S = (BC)* . That is there exists an 
equivalence of functors coDEF_(C) — hg from 2-dgart_ to Gpd. 

As a corollary we obtain the following theorem. 

Theorem 14.14. Fix E G A^-mod. Assume that E is quasi-isomorphic to a bounded 
below F which is h-projective or h-injective. Also assume that an admissible DG algebra C 
is quasi-isomorphic to End(F) . Then the functor coDEF_(£') is pro-representable by the 
DG algebra S = (BC)* . 

Proof. Indeed, by Proposition 14.6 the functors coDEF_(£?) and coDEF_(C) are equiva- 
lent, so it remains to apply Theorem 14.13. □ 

Proof. Let us prove Theorem 14.13. 

Consider the DG (C 5)° -module BC (8> C . Choose a quasi-isomorphism BC ®C ^ J , 
where J is an h-injective DG (C (8) 5')'^ -module. By Lemma 3.23 J is also h-injective when 
considered as a DG 5° - or C° -module via the restriction of scalars. 
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We first define a morphism of functors : — > coDEF_(C) . Namely, given an artinian 
DG algebra 7^ G 2- dgart_ and a l-morphism M = (M, 9) G 1- Hom(S', TZ) we define 

e(M) := Hom^o(Af, J). 

L 

By Lemma 3.17 we have RHom-;^o(A;, Hom^oC-M", J)) = RHom^o(fc<8)-R,-M', J) . Hence the 

L 

quasi-isomorphism 9 : k^-jiM k induces a quasi-isomorphism 

RHom7^o(fc,e(M)) ~ RIlom.§o{k,J) = Hom^o(fc, J), 

and by Proposition 13.4 the last term is canonically quasi-isomorphic to C as a DG module 
over C° . Thus we obtain a canonical quasi-isomorphism a{M) : RHom7^o(/c, G(M)) C , 
which means that {e{M),a{M)) e coDEF7^(C) . 

Given another artinian DG algebra Q G 2-dgart_ and a l-morphism N = {N,5) G 

L 

l-Hom(7^, Q) we claim that the object Q{N(>S>tzM) G coDEFq(C) is canonically isomorphic 
to the object RHom7^o(A'^, 0(M)) . This follows again from Lemma 3.17. Thus is indeed 
a morphism of functors. 

It remains to prove that for each TZ e 2- dgart_ the induced functor Q-jz : 1- Hom(S', TZ) 
coDEF7j,(C) is an equivalence of groupoids. So fix a DG algebra TZ G 2-dgart_ . 

Surjective on isomorphism classes. By Theorem 11.11b) we know that groupoids 
coDEF7^(C) = coDef7e(C) and coDef^(C) are equivalent. Given an object (T, id) G 
coDef^(C) it is known by Corollary 12.13 that there exists a homomorphism of DG algebras 
(f) : S ^TZ such that the DG {TZ (g) C)° -module T is isomorphic to Hom^o(^,5C (g) C) . 
It follows from Lemma 13.7 that Hom^o (g) C) = RHom^o(^,SC (?) C) . Therefore 

(T, id) , considered as an object in coDEF7^(C) is isomorphic to 6(M) , where M = 7?. is 
a DG module over TZ^ via the homomorphism <p . 

Full and faithful. 

Consider the above functor 6 as a contravariant DG functor from TZ (2> S'^-mod to 
(C (8> 7?.)°-mod given by 

e(M) = Hom^o(M, J). 

Define the contravariant DG functor $ : (C (8> 7^)°-mod TZiS> -S^-mod by the similar 
formula 

$(Ar) = Romeo {N, J). 
These DG functors induce the corresponding functors between the derived categories 

e : D(7^° ® 5) ^ D{C 0TZ), $ : D{C (E)TZ) ^ D{TZ^ (g) S). 

Denote by {k) C D{TZ^ S) and (C) C D{C®TZ) the triangulated envelopes of the DG 
TZ® -module k and the DG {C ®TZY -module C respectively. 
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Lemma 14.15. The functors Q and $ induce mutually inverse anti-equivalences of the 
triangulated categories {k) and (C) . 

Proof. For M G "R, ® S^-mod and N & (C iSi 7^)''-mod we have the functorial morphisms 
of DG modules 

(5m:M^ $(e(M)), (3Mix)if) = 

jN-.N^ emN)), jN{y){9) = i-ir^giy). 

By Proposition 13.4a) the DG (C (g) -module e(A;) is quasi-isomorphic to C and 
hence <I>(0(A;)) is quasi-isomorphic to A; , so that (3k is a quasi-isomorphism. Also we have 
$(C) = J and again by Proposition 13.4a) 0(J) is quasi-isomorphic to C . So 7c is a 
quasi-isomorphism. This proves the lemma. □ 

Notice that for {M,6) G l-Hom(5,7^) (resp. for {S,a) € coDEF7e(C) = coDcf^(C) ) 
M G (k) by Remark 14.2 (resp. S € (C) ). Hence the fact that the functor : 
1- Hom(5', TZ) coDEF7^(C) is full and faithful follows from the last lemma and the fol- 
lowing remark. 

Remark 14.16. The following diagram of DG functors is commutative 

n^S^-mod {C®nf-mod 

k®n{-)i j Hom7^o(A;, ■) 

S^-mod C^-mod. 
Indeed, this follows from Lemma 3. 1 7. 

This proves the theorem. □ 
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